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GENERIC REPRESENTATIONS OF METAPLECTIC
GROUPS AND THEIR THETA LIFTS
Petar Bakic´ and Marcela Hanzer
Abstract. In this paper we give the description of generic representa-
tions of metaplectic groups over p-adic fields in terms of their Langlands
parameters and calculate their theta lifts on all levels for any tower of
odd orthogonal groups. We also describe precisely all the occurrences
of the failure of the standard module conjecture for metaplectic groups.
1. Introduction
In this paper, we investigate two important problems concerning the rep-
resentation theory of the metaplectic group, defined over a non-Archimedean
local field F of characteristic zero. To be precise, let W be a symplectic
vector space of (even) dimension 2n over F . Let Sp(2n, F ) denote the cor-
responding symplectic group, i.e., the group of isometries of W . The meta-
plectic group ˜Sp(2n, F ) is the unique non-trivial two-fold central extension
of Sp(2n, F ):
1→ {±1} → ˜Sp(2n, F )→ Sp(2n, F )→ 1.
The purpose of this paper is to study the generic representations of ˜Sp(2n, F ).
To define them, we fix a non-trivial additive character ψ of F . After fix-
ing a Borel subgroup B(F ) of Sp(2n, F ), we let U(F ) denote the unipotent
radical of B(F ) and U˜(F ) its preimage in ˜Sp(2n, F ). The character ψ can
be extended to a non-degenerate character of U(F ) (also denoted ψ) and
further to U˜(F ), which is isomorphic to U(F ) × {±1}, by ψ(z, ǫ) = ǫψ(z).
We say that a smooth representation of (π, Vπ) of ˜Sp(2n, F ) is ψ-generic if
there is a non-zero linear functional λ on Vπ such that
λ(π(z)v) = ψ(z)λ(v),∀v ∈ Vπ, z ∈ U˜(F ).
Our goal is to answer some basic questions regarding the generic represen-
tations of the metaplectic group. More specifically, we
(i) obtain a complete description of the irreducible generic representations
of ˜Sp(2n, F ) in terms of their Langlands parameters
(ii) compute the theta lifts of all the irreducible generic representations to
any orthogonal tower on all levels.
In the case of quasi-split classical groups, the first question is answered
by the standard module conjecture ([25], [12]): the standard module of
an irreducible generic representation is itself irreducible. Thus, the set of
(equivalence classes of) generic irreducible representation corresponds to the
set of those generic standard representations which are irreducible.
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In case of the metaplectic group, the situation is more complicated be-
cause the standard module conjecture no longer holds—see Proposition 3.5
and Example 3.6. Our first main result provides explicit necessary and suf-
ficient conditions for the Langlands quotient of a standard representation to
be generic (cf. Theorem 3.7).
Theorem 1.1. Let δi, i = 1, 2, . . . , k be irreducible unitarizable square inte-
grable representations of GL(ni, F ), σ a tempered ψ–generic representation
of ˜Sp(2n0, F ) and −→s0 = (s1, s2, . . . , sk) satisfy s1 ≥ s2 ≥ · · · ≥ sk > 0 so
that for −→s = −→s0 the representation
γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δkν
sk ⋊ σ
is standard. Then, the Langlands quotient L(γ−1ψ δ1ν
s1 , dotsc, γ−1ψ δkν
sk ;σ) is
ψ–generic if and only if for each i, j ∈ {1, 2, . . . , k}, i 6= j
(1) δiν
si × δjν
sj and δiν
si × δ˜jν
−sj
is irreducible and the following holds:
(i) if, for i ∈ {1, 2, . . . , k}, δiν
si is not equal to δ([ν1/2, νm+1/2]) for
some m ∈ N0, (actually for 2si− 1) then γ
−1
ψ δiν
si ⋊ σ is irreducible.
(ii) if, for i ∈ {1, 2, . . . , k}, δiν
si = δ([ν1/2, νm+1/2]) for some m ∈ N0,
then, for each even a such that 1⊗ Sa occurs in the L-parameter of
σ, we have a ≥ 4si.
Note that because of (1), there can be at most one occurrence of a represen-
tation of the form δ([ν1/2, νm+1/2]) among δ1ν
s1 , . . . , δkν
sk .
The main ingredient used in the proof of Theorem 1.1 is the analysis of the
local coefficients C
˜Sp(2n,F )
ψ (P,
−→s , (⊗ri=1τi) ⊗ σ,w) as introduced by Shahidi
([33], [35], [36]) and adapted to the setting of metaplectic groups by Szpruch
in [40]. By analyzing the holomorphy of the appropriate local coefficient we
are able to determine first the cuspidal reduciblities (Proposition 3.5), and
later on the conditions which appear in Theorem 1.1.
In the final stage of writing this paper we learned about the results of
Atobe in [3] concerning generic representations of metaplectic groups; specif-
ically, we refer to Theorem 3.11 of [3]. There, the author uses the results of
Szpruch on the local coefficients for generic representations of metaplectic
groups ([40]), in the same way we do, to give a criterion of genericity of
general Langlands quotient of a metaplectic group. This criterion of Atobe
is given solely in terms of the L-function attached to the Langlands pa-
rameter of this Langlands quotient. In contrast, in the above theorem, we
expressed this criterion in terms of the inducing representation of the stan-
dard Levi subgroup of metaplectic group which arises in the description of
this Langlands quotient. This way of expressing this result is particularly
well-suited for our application in determination of all the theta lifts of our
generic Langlands quotient.
Moreover, with our approach, we were able to provide the complete an-
swer to the question of reducibility of generic standard representations with
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generic Langlands quotients (Theorem 3.10). In this way, we have strength-
ened the result of Atobe which gives only the sufficient condition (cf. The-
orem 3.13. of [3]).
The second part of this paper deals with the theta lifts of generic repre-
sentations of the metaplectic group. Let us briefly recall the basic setting
(for more details, see Section 2.2.2). Let V be a quadratic space of dimen-
sion 2r + 1 over F (i.e., a space endowed with a non-degenerate F -bilinear
form) and let O(V ) denote the corresponding orthogonal group. If W2n is
a symplectic space of dimension 2n, then O(V ) and ˜Sp(W2n) form a dual
pair inside ˜Sp(W2n(2r+1)). Fixing a non-trivial additive character ψ of F ,
we obtain the so-called Weil representation ω2n(2r+1),ψ of the metaplectic
group ˜Sp(W2n(2r+1)). Restricting this representation to O(V )× ˜Sp(W2n) we
obtain the Weil representation ω2r+1,2n,ψ of this dual pair.
Now for any π ∈ Irr ˜Sp(W2n) we may look at the maximal π-isotypic
quotient of ω2r+1,2n,ψ. We denote it Θ(π, 2r + 1) and call it the full theta
lift of π to V . This representation, when non-zero, has a unique irreducible
quotient, denoted θ(π, 2r + 1)—the small theta lift of π. This basic fact,
called the Howe duality conjecture, was first formulated by Howe [15], proven
by Waldspurger [43] (for odd residue characteristic) and by Gan and Takeda
[9] in general.
The Howe duality establishes a map π 7→ θ(π) which is called the theta
correspondence. It is an exceptionally useful tool in the representation the-
ory of p-adic groups. However, its importance also stems from number-
theoretic considerations, since the global variant of theta correspondence can
be used for constructing automorphic representations. For this reason, theta
correspondence has been an area of active research for the last forty years.
The study of theta correspondence was initiated by Roger Howe [15, 16] and
continued by Kudla [17, 18], Rallis [30], Kudla-Rallis [19], Moeglin-Vigneras-
Waldspurger [21], Waldspurger [43] and many others. In recent years this
topic has seen a major revival of interest, with many new developments
and many old problems being resolved. However, the two main problems
concerning theta lifts still remain open: determining when Θ(π, 2r + 1) is
non-zero and identifying θ(π, 2r + 1) explicitly. The second main contribu-
tion of this paper is the complete resolution of these problems in case when
π is a generic representation of the metaplectic group.
Our approach to these problems relies on a number of different techniques
and results: the Jacquet module technique as utilized by Muic´ [27, 28, 29],
the results of Atobe and Gan on the lifts of tempered representations [4],
the results of Gan and Savin [8] on the theta lifts of representations of the
metaplectic group, and the work of Muic´ [25] and the second author [12] on
the standard module/generalized injectivity conjecture.
The question of occurrence is answered in Propositions 4.1 and 6.1. We
have
Proposition 1.2. Let π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δkν
sk ;σ) be a ψ–
generic representation of ˜Sp(2n, F ). Then we have one of the following
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(1) Assume that none of δ1ν
s1 , . . . , δkν
sk is of the form δ([ν1/2, ν2si−1/2]).
Then, l(π) = l(σ).
(2) Assume that there exists (a unique!, cf. Theorem 3.7) i ∈ {1, 2, . . . , k}
such that δiν
si = δ([ν1/2, ν2si−1/2]). Then,
• If l(σ) = 2, then si =
1
2 and l(π) = l(σ) = 2.
• If l(σ) = 0, then l(π) = l(σ) = 0 unless si =
1
2 . In that case,
l(π) = 2.
Here we set l(π) = 2n+1−mdown(π), wheremdown(π) denotes the smaller
of the two first occurrence indices of π (see §4 for notation).
The answer to the second question, i.e., the description of the lifts, is given
as a series of results: Propositions 5.1, 6.3, 6.5, 6.6, 6.7, 6.8 and Corollary
6.4 provide a complete description of θ(π, 2r + 1) in terms of its standard
module.
Let us briefly describe the contents of this paper. In Section 2 we re-
call some basic definitions and results concerning the metaplectic group and
theta correspondence. In Section 3 we describe the generic representations
of ˜Sp(2n, F ). Our main tool is the theory of local coefficients, which we
also introduce in this section. After determining the cuspidal reducibilities
(Proposition 3.5), we prove our main result on generic representations, The-
orem 3.7. We also state Theorem 3.10 which describes all the situations in
which the standard module conjecture fails. In Section 4 we address the
non-vanishing of theta lifts. Sections 5 and 6 contain the statements and
the proofs of the results providing a complete description of the theta lifts of
generic representations. In Section 5 we compute the lifts of those represen-
tations which satisfy the standard module conjecture, whereas in Section 6
we treat the exceptional cases. Appendix A contains the proof of Theorem
3.10.
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2. Preliminaries
We start by introducing the notation concerning (complex) smooth rep-
resentations of general linear and classical groups over non-Archimedean
fields and by reviewing some basic results. Let F be a non-Archimedean
field of characteristic zero. We recall the Zelevinsky notation for the para-
bolic induction for general linear and classical p-adic groups. Let π1, . . . , πk
be representations of GL(ni, F ), i = 1, . . . , k. The group GL(n1 + n2 +
· · · + nk, F ) has a standard parabolic subgroup, say P, whose Levi sub-
group M is isomorphic to GL(n1, F )×GL(n2, F )× · · · ×GL(nk, F ). Then
we denote Ind
GL(n1+n2+···+nk,F )
P (π1 ⊗ π2 ⊗ · · · ⊗ πk) (the normalized induc-
tion) by π1 × π2 × · · · × πk. Analogously, if G is a classical group which
has a Levi subgroup M (of a standard parabolic subgroup P ) isomorphic
to GL(n1, F ) × GL(n2, F ) × · · · × GL(nk, F ) × G
′, where G′ is a classical
group of the same type and smaller rank, and if π1, . . . , πk are representa-
tions of GL(ni, F ), i = 1, . . . , k and σ a representation of G
′, we denote
IndGP (π1 ⊗ π2 ⊗ · · · ⊗ πk ⊗ σ) by π1 × π2 × · · · × πk ⋊ σ. We denote by ν
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a character of GL(n, F ) obtained by composing the determinant character
with the absolute value on F ∗.
Let ρ be an irreducible unitary cuspidal representation of GL(m,F ) and
α, β ∈ R such that α − β + 1 = k ∈ N. Then, the induced representation
ρνα × ρνα−1 × · · · × ρνβ has a unique irreducible subrepresentation which
we denote by δ([ρνβ , ρνα]). This representation of GL(mk,F ) is essentially
square-integrable and any essentially square integrable representation of a
general linear group is obtained in this way. We will also denote by Stn the
Steinberg representation of GL(n, F ), which is δ([ν−
n−1
2 , ν
n−1
2 ]). The (stan-
dard) representation ρνα×ρνα−1×· · ·×ρνβ has also the unique irreducible
quotient, namely the Langlands quotient, which we, in this situation, denote
by ζ(ρνβ, ρνα). When ρ = 1GL(1,F ), we shorten the notation even more, and
use ζ(β, α) to denote it. Note that this is a twist of the trivial representation
of GL(k, F ).
2.1. Symplectic and orthogonal groups. For n ∈ Z≥0, let W2n be a
symplectic vector space over F of dimension 2n. We fix a complete polar-
ization as follows
W2n =W
′
n ⊕W
′′
n , W
′
n = spanF{e1, . . . en}, W
′′
n = spanF{e
′
1, . . . e
′
n},
where ei, e
′
i, i = 1, . . . , n are basis vectors of W2n and the skew–symmetric
form on W2n is described by the relations
〈ei, ej〉 = 0, i, j = 1, 2, . . . , n, 〈ei, e
′
j〉 = δij .
The group Sp(W2n) fixes this form. Let Pj denote the maximal parabolic
subgroup of Sp(W2n) stabilizing the isotropic spaceW
′j
n = spanF{e1, . . . ej};
then there is a Levi decomposition Pj = MjNj where Mj = GL(W
′j
n ). By
adding, in each step, a hyperbolic plane to the previous symplectic vector
space, we obtain a tower of symplectic spaces and corresponding symplectic
groups. We also use Sp(2n, F ) to denote Sp(W2n).
Now we describe the orthogonal groups we consider. Let V0 be an aniso-
tropic quadratic space over F of odd dimension; then dimV0 ∈ {1, 3}. For the
description of the invariants of this quadratic space, including the quadratic
character χV0 describing the quadratic form on V0, we refer to e.g. Chapter
V of [18]. In each step, as for the symplectic situation, we add a hyperbolic
plane and obtain an enlarged quadratic space and, consequently, a tower
of quadratic spaces and a tower of corresponding orthogonal groups. In
the case in which r hyperbolic planes are added to the anisotropic space, a
corresponding orthogonal group will be denoted O(Vm), where Vm = V
′
r +
V0 + V
′′
r and V
′
r and V
′′
r are defined analogously as in the symplectic space
and m = dimVm = 2r + dimV0. Again, Pj will be the maximal parabolic
subgroup stabilizing spanF{e1, . . . ej}. We will also use O(m,F ) to denote
O(Vm), and, more specifically, we use O(m,F )
+ to emphasize that O(m,F )
is in the split tower and O(m,F )− to emphasize that O(m,F ) is in the
non-split tower.
Now we give a simple consequence of the Langlands classification for the
discrete series representations of SO(2n+ 1, F ) obtained in [1], paired with
explicit classification of these representations given by Moeglin-Tadic´ ([24]).
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In [24], the authors gave a classification of the discrete series representa-
tions for quasi-split classical groups in terms of three invariants: the Jordan
block, partial cuspidal support and ǫ–function. Using these invariants one
can realize a discrete series representation as a subrepresentation of a cer-
tain parabolically induced representation. In [23] it is proved that Moeglin-
Tadic´ classification indeed corresponds to Langlands parametrization, and
ǫ–function corresponds to the parametrization of the discrete representations
inside one L-packet by characters of the component group of the centralizer
of the L-parameter. In the case of generic representations this factor is
trivial (cf. [12], Proposition 3.1 and [2]).
Thus, let φ : WDF → Sp(2n,C) be the L-parameter of a generic discrete
series π of SO(2n+1, F ). i.e., φ = ⊕(ρ⊗Sa) is a multiplicity one representa-
tion, where ρ⊗Sa is an irreducible symplectic representation of WDF . Here
we can identify an irreducible smoothm-dimensional representation ρ ofWF
with an irreducible cuspidal representation of GL(m,F ) (Henniart, Harris-
Taylor) and Sa denotes the unique algebraic representation of SL(2,C) of
dimension a. For each ρ we denote
φρ(π) = {a ∈ N : ρ⊗ Sa →֒ φ}.
Let φρ(π) = {a
ρ
1 < a
ρ
2 < · · · < a
ρ
lρ
}. Note that members of φρ(π) are all of
the same parity and lρ may be odd or even. Then, by [24],[1] and [23] (recall
that π is generic), we have
π →֒
∏
ρ,
φρ(π) are even
( tρ∏
r=1
δ([ρν−
a
ρ
2r−1
−1
2 , ν
a
ρ
2r
−1
2 ])
)
× δ([ρν
1
2 , ρν
a
ρ
2tρ+1
−1
2 ])×
(2)
∏
ρ,
φρ(π) are odd
( tρ∏
r=1
δ([ρν−
a
ρ
2r−1−1
2 , ν
a
ρ
2r−1
2 ])
)
× δ([ρν1, ρν
a
ρ
2tρ+1
−1
2 ])⋊ σ′cusp.
Here, if members of φρ(π) are even, and |φρ(π)| is even, there is no part
δ([ρν
1
2 , ρν
a
ρ
2tρ+1
−1
2 ]) above; analogously, if members of φρ(π) are odd, and
|φρ(π)| is even, there is no part δ([ρν
1, ρν
a
ρ
2tρ+1
−1
2 ]) above.
2.2. The metaplectic group. Let W2n be the symplectic space as above.
The metaplectic group ˜Sp(2n, F ) is given as the non-trivial central extension
(3) 1→ µ2 → ˜Sp(2n, F )→ Sp(2n, F )→ 1
where µ2 = {1,−1} and the cocyle involved is Rao’s cocycle ([31]). For the
more thorough description of the structural theory of the metaplectic group
we refer to [18],[31],[10],[13]. Specifically, for every subgroup G of Sp(2n, F )
we denote by G˜ its preimage in ˜Sp(2n, F ). In this way, the standard parabolic
subgroups of ˜Sp(2n, F ) are defined. Then, we have P˜j = M˜jN ′j, where N
′
j is
the image in ˜Sp(2n, F ) of the unique monomorphism from Nj (the unipotent
radical of Pj) to ˜Sp(2n, F ). We emphasize that M˜j is not a product of GL
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factors and a metaplectic group of smaller rank, but there is an epimorphism
(this is the case of maximal parabolic subgroup, as denoted in the previous
subsection)
φ : ˜GL(j, F ) × ˜Sp(2n− 2j, F ) → M˜j.
More information can be found in [13] and in [40], the fourth chapter. Here,
we can view ˜GL(j, F ) as two–fold cover of GL(j, F ) in its own right. In
this way, an irreducible representation π of M˜j can be considered as a rep-
resentation ρ ⊗ σ of ˜GL(j, F ) × ˜Sp(2n, F ), where ρ and σ are irreducible
representations, provided they are both trivial or both non–trivial when
restricted to µ2.
2.2.1. Genuine representations of the metaplectic group. We can form the
genuine representations (i.e., the ones which are non-trivial on µ2, cf. (3))
of ˜GL(j, F ) (and then of M˜j) by tensoring representations of GL(j, F ) by a
genuine character of ˜GL(j, F ) given by
(4) (g, ε) 7→ εγψ′(det g)
−1
(cf. p. 36 of [40]). Here γψ′ is the Weil index of a character of the second
degree given by x 7→ ψ′(x2) (cf. [17] and [40], the third section), attached to
a non-trivial character ψ′ of F. It is defined as a quotient of the (principal
values) of the following integrals:
γψ′(a) = |a|
1
2
∫
F ψ
′(ax2)dx∫
F ψ
′(x2)dx
.
From the definition we can easily derive the relation between γψ and γψa ,
where ψa(x) = ψ(ax),∀x ∈ F. Namely,
(5) γψa(x) = (x, a)F γψ(x).
Here (x, a)F denotes the Hilbert symbol for the field F, so that x 7→ (x, a)F
is a quadratic character of F ∗ which we denote by χa.
2.2.2. Theta correspondence. We need some notation: Assume that Π is
a smooth representation of a product of l–groups G1 × G2. Let ξ be an
irreducible smooth representation of G1; by Θ(ξ,Π) we denote the isotypic
component of ξ in Π. More explicitly, with
W :=
⋂
f :Π→ξ
G1intertwining
Kerf
we have Θ(ξ,Π) = Π/W. The representation Θ(ξ,Π) has a natural structure
of G2–module and
(6) HomG1(Π, ξ)∞
∼= Θ(ξ,Π)∨;
here HomG1(Π, ξ)∞ denotes the smooth part of HomG1(Π, ξ) and ∨ denotes
the contragredient.
We now return to theta correspondence. We fix a non-trivial additive char-
acter ψ of F and we let ω2r+1,2n,ψ be the pullback of the Weil representa-
tion ω2n(2r+1),ψ of the group ˜Sp(2n(2r + 1), F ), restricted to the dual pair
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˜Sp(2n, F ) × O(2r + 1, F ) ([17]). Here O(2r + 1, F ) belongs to one of two
towers of odd orthogonal groups with fixed quadratic character (cf. [17],
chapter V) and 2r + 1 is the dimension of the quadratic space. We refer to
it as ”a pair of orthogonal towers”. Let π be an irreducible smooth repre-
sentation of ˜Sp(2n, F ). We say that the theta lift on the space of dimension
m (on one of the orthogonal towers) is non-zero if Θ(π, ωm,2n,ψ) 6= 0. We
then call Θ(π, ωm,2n,ψ) the full theta lift of π on Vm and, to simplify the
notation, we will denote it by Θ(π,m). This is, as observed above, a repre-
sentation of O(m,F ). Note that, in this notation, the dependence on ψ is
suppressed; also it is assumed that we know to which tower this lift refers
to (i.e., whether it is a representation of O(m,F )+ or O(m,F )−).
By the Howe duality conjecture (cf. [15], [16]), proved by Waldspurger
when residual characteristic is different form 2 ([43]), and in general case by
Gan and Takeda ([9]), the representation Θ(π,m) has a unique irreducible
quotient which we call the small theta lift and denote by θ(π,m). Moreover,
the correspondence
π ↔ θ(π,m)
is a bijection between representations of ˜Sp(2n, F ) and O(Vm) participating
in the theta correspondence (i.e. having a non-zero lifts).
It is known that there is exactly one odd orthogonal tower (in a pair, as
above) such that the theta lift of π to that tower on the dimension level
2n+1 is non-zero. This follows from the conservation conjecture, originally
conjectured by Kudla and Rallis ([20]), and finally proved (in the general
case) by Sun and Zhu ([39]). Throughout the second section, we fix a pair of
orthogonal towers which are attached to the trivial character, as in [8]. There
(cf. Introduction of [8]) the following parametrization of the irreducible
representations of ˜Sp(2n, F ) is given
(7) Irr ˜Sp(2n, F )←→ IrrSO(2n+ 1, F )+ ∪ IrrSO(2n + 1, F )−.
This bijection is given by theta correspondence: for a given representation
π of ˜Sp(2n, F ) we obtain representation θ(π, 2n+1) 6= 0 in one of the towers,
say ε ∈ {+,−} (the lift to the other tower is zero) and then restrict it to a
representation of SO(2n + 1, F )ε. This restriction remains irreducible. On
the other hand, for given irreducible representation σ of SO(2n + 1, F )ε
exactly one of the two possible extensions of this representation to O(2n +
1, F )ε participates in the theta correspondence with the metaplectic group
˜Sp(2n, F ). We denote this (cf. (7)), slightly modified theta correspondence,
by Θψ(·). That is, if π is an irreducible representation of ˜Sp(2n, F ), then
(8) Θψ(π, 2n + 1) = θ(π, 2n+ 1)|SO(2n+1,F )ε
and if σ is a representation of SO(2n + 1, F )ε, then
(9) Θψ(σ, 2n) = θ(σ
δ, 2n),
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where σδ is the unique extension of σ to O(2n+1, F )ε whose lift to ˜Sp(2n, F )
is non-zero. Here δ ∈ {1,−1} denotes the value of the extended representa-
tion on −I ∈ O(2n+ 1, F )ε \ SO(2n + 1, F )ε.
We now give a result which we use later. Although parts of it were known
earlier in some form (e.g. [28], Theorem 6.2), we are stating it in a form given
in [8]. We are taking into account the fact that the Howe duality conjecture
has meanwhile been proven (cf. [9]).
Proposition 2.1. (cf. Theorem 8.1.(i) and (ii) of [8]) For an irreducible
tempered representation π of ˜Sp(2n, F ), Θ(π, 2n + 1) (the non-zero full lift
on the appropriate tower) is irreducible and tempered. If π is, moreover, a
discrete series representation, Θ(π, 2n+1) is a discrete series representation
(and, of course, irreducible). The analogous claim holds for the irreducible
tempered representations of orthogonal groups O(2n+ 1, F )ε.
Finally, we take a moment to explain the notation for theta lifts we use in
the rest of the paper, motivated by [4]. Let π be an irreducible representation
of ˜Sp(2n, F ); assume that we have fixed the target tower (Vm). Then we
denote by θl(π) the lift of π to Vm (m = dimVm), where l and m are related
by l = 2n −m + 1. Similarly, if π is an irreducible O(Vm)-representation,
we let θl(π) denote the lift to ˜Sp(2n, F ), where l = m − 2n − 1. We use
analogous notation for the full lifts Θ(π). Note that 2n is even and m is
odd, so that l is always even. Using this notation, the theta correspondence
between ˜Sp(2n, F ) and O(2n+ 1, F ) referred to in this section corresponds
to l = 0. Similarly, we have π = θl(θ−l(π)) whenever θ−l(π) 6= 0.
3. Generic representations of the metaplectic group
Let ψ be an additive, non–trivial character of F. By fixing the base
ei, e
′
i, i = 1, . . . , n as in the section 2.1., we get a matrix realization of
Sp(2n, F ) where we fix a Borel subgroup B(F ) consisting of the upper tri-
angular matrices, so that the unipotent radical U(F ) of B(F ) consists of the
unipotent upper triangular matrices in Sp(2n, F ). We use ψ to also denote a
non-degenerate character of this unipotent subgroup, cf. p. 15 of [40]. This
unipotent subgroup splits uniquely in ˜Sp(2n, F ), so that the full preimage
U˜(F ) in ˜Sp(2n, F ) is isomorphic to U(F )×{±1}. Again we use ψ to denote
the character of U˜(F ) given by (z, ε) 7→ εψ(z) (cf. p. 41 of [40]).
Let (π, Vπ) be a smooth representation of ˜Sp(2n, F ). By a ψ–Whittaker
functional on π we mean a linear functional λ on Vπ satisfying
λ(π(z)v) = ψ(z)λ(v),∀v ∈ Vπ, z ∈ U˜(F ).
Similarly to the algebraic case, in the situation in which π is ψ–generic, we
can form the space of Whittaker functions Wπ,ψ which affords a represen-
tation of π by right translations. Now, in the case of connected, quasi-split
reductive groups, the uniqueness of the Whittaker model enables the defini-
tion of the local coefficients. The same thing can be done in the metaplectic
case, due to the following theorem of Szpruch:
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Theorem 3.1 (Szpruch, Theorem 5.1. of [40]). Let π be an irreducible
admissible representation of ˜Sp(2n, F ). Then,
dimWπ,ψ ≤ 1.
Analogously to the algebraic case, the heredity property is valid for the
parabolically induced generic representations of metaplectic group (cf. [32]
for the algebraic case and [7] for the covering case).
3.1. Local coefficients. We continue with the definition of the local co-
efficients, following the exposition in the sixth chapter of [40], which, in
turn, follows the algebraic case defined in Theorem 3.1. of [33]. Let M ∼=
GL(n1, F )×GL(n2, F )×· · ·×GL(nk, F )×Sp(2n
′, F ) be a standard Levi sub-
group attached to a (standard) parabolic subgroup P = MN of Sp(2n, F ).
Let w be an element of the Weyl group which takes M to another standard
Levi subgroup. Let τ1, . . . , τk be irreducible admissible generic represen-
tations of GL(ni, F ), i = 1, 2, . . . , k and let σ be a ψ–generic irreducible
admissible representation of ˜Sp(2n′, F ). Then, by
(10) I(τ1(s1) , τ2(s2) , . . . , τ1(sk) , σ)
we denote the representation of S˜p(2n) induced from the representation of
P˜ as described in the section 4.1. of [40]. Here si ∈ C, i = 1, 2, . . . , k so that
τi(si) = τi|det(·)|
si . We often abbreviate −→s = (s1, . . . , sk). Note that in the
notation for the induced representation (10) we supressed the dependence
of the induced representation on a character ψ′ (needed to form a genuine
representation, cf. subsection above and (4)). If we want to emphasize the
dependence on ψ′, we will use Zelevinsky notation for parabolic induction
and write
γ−1ψ′ (τ1ν
s1 × τ2ν
s2 × · · · × τkν
sk)⋊ σ.
Since all irreducible representations τi, i = 1, 2, . . . , k and σ are ψ–generic,
by heredity, there is a (unique, up to a scalar) ψ– Whittaker functional on
I(τ1(s1) , τ2(s2) , . . . , τ1(s2) , σ), denoted by
λ(−→s , (⊗ri=1τi)⊗ σ, ψ).
This functional is defined by an integral in [40], (6.4), analogously to the
algebraic case defined by Shahidi. Note that this functional is entire in
−→s and not identically zero for each −→s (we choose a flat section from the
compact picture of the induced representation and understand meromorphic
properties form that; cf. [6] for the proof in the case of covering groups).
Let Aw be the standard intertwining operator acting on the representation
(10), defined by (4.10) of [40]. Then, by Theorem 3.1, we can define the
local coefficient C
˜Sp(2n,F )
ψ (P˜ ,
−→s , (⊗ri=1τi)⊗ σ,w) as follows:
λ(−→s , (⊗ri=1 τi)⊗ σ, ψ) =
C
˜Sp(2n,F )
ψ (P˜ ,
−→s , (⊗ri=1τi)⊗ σ,w)λ(
−→s w, (⊗ri=1τi)
w ⊗ σ, ψ) ◦Aw.
(11)
Remark. Note that, although it is suppressed from the notation, the local
coefficient
C
˜Sp(2n,F )
ψ (P˜ ,
−→s , (⊗ri=1τi)⊗ σ,w)
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actually depends on two additive characters: ψ, which enters the definition of
ψ–generic representations, and ψ′, which enters the definition of the induced
representation (10). Majority of results in [40] are obtained for the case
ψ = ψ′, except in the seventh and eight section where the local coefficients
for the principal series are calculated. The possible consequences of the
case in which ψ 6= ψ′ are discussed in the section 8.4. there. By (5), and
relation (4.1) of [40] (which explicitly describes the formation of the genuine
representation of a Levi subgroup), we easily get that
(12) γ−1ψ (τ1ν
s1 × · · · × τkν
sk)⋊ σ = γ−1ψa (τ1ν
s1χa × · · · × τkν
skχa)⋊ σ.
Now we assume that we are examining local factor with respect to ψ–
generic representation, and that the induced representations are formed us-
ing γψ (so, in the light of previous Remark, ψ = ψ
′). Assume that the
representation (10) is induced from an irreducible representation of a max-
imal parabolic subgroup, i.e., k = 1. By relation (6.8) and Theorem 9.3. of
[40], for irreducible admissible ψ–generic representations τ of GL(k, F ) and
σ of ˜Sp(2n − 2k, F ), there exists an exponential function cF of a complex
variable, such that
(13) C
˜Sp(2n,F )
ψ (P˜ , s, τ ⊗ σ,w0) = cF (s)
γ(τ, sym2, 2s, ψ)
γ(τ, s+ 12 , ψ)
γ(σ × τ, s, ψ).
Here w0 is the longest element in the Weyl group of Sp(2n, F ) modulo the
longest one in M (here P = MN is a maximal parabolic subgroup). The
γ-factors γ(τ, sym2, 2s, ψ) and γ(τ, s+ 12 , ψ) are the ones defined by Shahidi
in [37] (and they appear in the calculation of the local coefficients for split
odd orthogonal groups). As for the gamma factor γ(σ × τ, s, ψ), in their
paper [8], Gan and Savin relate this γ-factor to a γ-factor γ(Θψ(σ)× τ, s, ψ)
for SO(2n+ 1, F ). We need the following
Lemma 3.2. (Corollary 9.3. of [8])
(1) Assume π ∈ Irr(SO(2n + 1, F )+) is generic. Then, Θψ(π) is ψ–
generic.
(2) Assume π ∈ Irr( ˜Sp(2n, F )) is ψ–generic and tempered. Then,
Θψ(π) is a generic representation of SO(2n + 1, F )
+.
We also have
Corollary 3.3. Assume σ is an irreducible, tempered and ψ–generic repre-
sentation of S˜p(2n). Then, the following holds:
(14) γ(σ × τ, s, ψ) = γ(Θψ(σ)× τ, s, ψ).
.
Proof. This follows from Lemma 3.2 and Proposition 11.1 and the discussion
after Corollary 11.2 of [8]. 
Immediately from (11) and properties of ψ-Whittaker functional λ, we
can derive the following
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Corollary 3.4. We consider an induced representation (10). Assume that
τi, i = 1, 2, . . . , k are tempered representations, σ a tempered ψ–generic rep-
resentation and −→s0 = (s1, s2, . . . , sk) satisfy s1 > s2 > · · · > sk > 0 so
that for −→s = −→s0 the representation (10) is standard. Then, the Langlands
quotient L(τ1(s1) , τ2(s2) , . . . , τ1(sk)
;σ) is ψ–generic if and only if the local co-
efficient C
˜Sp(2n,F )
ψ (P˜ ,
−→s , (⊗ri=1τi) ⊗ σ,w0) is holomorphic at
−→s = −→s0 (it
is necessarily non-zero at such s0). Here w0 is the longest element in the
Weyl group of ˜Sp(2n, F ) modulo the longest one in the corresponding Levi
subgroup.
Proof. Note that, on the right-hand side of (11), λ(−→s w0 , (⊗ri=1τi)
w0⊗σ, ψ)◦
Aw0 is holomorphic at
−→s = −→s0 . The image of Aw0 is exactly the Langlands
quotient, so that λ(−→s w0 , (⊗ri=1τi)
w0 ⊗σ, ψ) ◦Aw0 is non-zero exactly in case
this Langlands quotient is ψ-generic. Assume that Langlands quotient is
ψ–generic; then C
˜Sp(2n,F )
ψ (P˜ ,
−→s , (⊗ri=1τi) ⊗ σ,w0) needs to be holomorphic
in order for the left-hand side of (11) to be holomorphic (and it always
is). On the other hand, if we assume C
˜Sp(2n,F )
ψ (P˜ ,
−→s , (⊗ri=1τi) ⊗ σ,w0) is
holomorphic, and since λ(−→s w0 , (⊗ri=1τi)
w0 ⊗ σ, ψ) ◦Aw0 is holomorphic, for
the right-hand side to be non-zero (since left-hand side is), both the local
coefficient and ψ-Whittaker functional have to be non-zero (on the image
of Aw0), and this is precisely the Langlands quotient, which is, thus, ψ-
generic. 
3.2. Cuspidal reducibilities. We are now able to completely describe the
cuspidal reducibilities for the metaplectic case, and, in case of reducibility,
to describe which subquotient is generic. This result is not new (part of it
is already present in [21], [14]; we also use the relation (14) above from [8]
and Atobe and Gan results ([4])), but we find it convenient to express these
facts explicitly. The equivalence of the conditions expressed by L–functions
and by Langlands parameter in Proposition 3.5 is a consequence of Arthur’s
work ([1]) for classical groups. Note that the work [8] enabled the Langlands
classification for metaplectic group via the classification for odd-orthogonal
groups, which fulfills a lot of expected properties.
Proposition 3.5. Let τ be an irreducible, self-dual, cuspidal representation
of GL(k, F ) and σ an irreducible, cuspidal and ψ–generic representation of
˜Sp(2n− 2k, F ). We consider an induced representation
(15) γ−1ψ ν
sτ ⋊ σ, s ≥ 0.
(1) Assume that the Langlands parameter φ of σ does not contain 1⊗S2.
Then Θψ(σ) is a cuspidal representation.
(a) Assume that the Langlands parameter of τ factorizes through
Sp(m,C) and τ (we can consider it as a representation of WF )
does not occur as τ ⊗ S1 in φ (this condition is equivalent to
the requirement that neither L(2s, τ, Sym2) nor L(s, τ ×Θψ(σ))
has a pole for s = 0). Then, the representation (15) reduces for
s = 0.
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(b) Assume that the Langlands parameter of τ factorizes through
Sp(m,C) and τ does occur as τ⊗S1 in φ (this condition is equiv-
alent to the requirement that L(2s, τ, Sym2) does not have a pole
for s = 0 and L(s, τ×Θψ(σ)) does have a pole for s = 0). Then,
the representation (15) reduces for s = 1. Then, the unique ψ–
generic subquotient of this representation is a subrepresentation.
(c) Assume that the Langlands parameter of τ factorizes through
SO(m,C) (this condition is equivalent to the condition that L(2s,
τ, Sym2) has a pole for s = 0). Then, the representation (15)
reduces for s = 12 . If τ = 1GL(1,F ), the unique ψ–generic sub-
quotient is the unique irreducible quotient of that representation;
and if τ 6= 1GL(1,F ) the unique ψ–generic subquotient is a sub-
representation.
(2) Assume that the Langlands parameter φ of σ contains 1⊗ S2. Then
Θψ(σ) is a square-integrable representation, and the following holds
Θψ(σ) →֒ ν
1
2 ⋊Θ(σ, 2n− 1)|SO(2n+1,F ).
Here Θ(σ, 2n − 1)|SO(2n+1,F ) is an irreducible cuspidal generic rep-
resentation.
(a) Assume that the Langlands parameter of τ factorizes through
Sp(m,C) and τ does not occur as τ⊗S1 in φ−1⊗S2 (this condi-
tion is equivalent to the requirement that neither L(2s, τ, Sym2)
nor L(s, τ×Θ(σ, 2n−1)|SO(2n+1,F )) has a pole for s = 0). Then,
the representation (15) reduces for s = 0.
(b) Assume that the Langlands parameter of τ factorizes through
Sp(m,C) and τ does occur as τ⊗S1 in φ−1⊗S2 (this condition
is equivalent to the requirement that L(2s, τ, Sym2) does not
have a pole for s = 0 and L(s, τ × Θ(σ, 2n − 1)|SO(2n+1,F ))
does have a pole for s = 0). Then, the representation (15)
reduces for s = 1 and the unique ψ–generic subquotient of this
representation is a subrepresentation.
(c) Assume that the Langlands parameter of τ factorizes through
SO(m,C) (this condition is equivalent to the condition that L(2s,
τ, Sym2) has a pole for s = 0) and that τ 6= 1GL(1,F ). Then, the
representation (15) reduces for s = 12 and the unique ψ–generic
subquotient is a subrepresentation.
(d) Assume that τ = 1GL(1,F ). Then, the representation (15) re-
duces for s = 32 and the unique ψ–generic subquotient is a sub-
representation.
Remark. 1. Note that in Proposition 3.5, in situation in which the Lang-
lands parameter φ of σ does not contain 1 ⊗ S2, possible reducibilities are
generic (in the sense used for the classical groups), i.e. 0, 12 , 1 but it may
happen that the generic subquotient is not a subrepresentation of a stan-
dard representation, but its Langlands quotient. Thus, the standard mod-
ule conjecture and the generalized injectivity conjecture fail for the
metaplectic groups already in this very simple case.
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2. If the Langlands parameter φ of σ does contain 1 ⊗ S2, although the
representation σ is generic, a case of a ”non-generic reducibility” at 32 may
occur.
Proof. (of Proposition 3.5) In the same way as for the classical groups, as
a composition of two intertwining operators, one can define the Plancherel
measure for metaplectic groups (cf. [8], section 10). The behavior of Plancherel
measure when inducing from supercusupidals totally governs the reducibil-
ity of the induced representation. We have reducibility for s0 = 0 if and
only if µ(s, τ ⊗ σ, ψ) 6= 0 for s = 0 (recall that τ ∼= τ˜), and reducibility for
s0 > 0 if and only if the Plancherel measure has a pole for s = s0. Since
we are in the generic case, we can express the Plancherel measure as follows
(cf. [40], sections 4 and 10):
µ(s, τ ⊗ σ, ψ) = C
˜Sp(2n,F )
ψ (P˜ , s, τ ⊗ σ,w0)C
˜Sp(2n,F )
ψ (P˜ ,−s, τ˜ ⊗ σ,w0).
Now we express the local factors above in terms of γ–factors as in (13), and
γ–factors in terms of L–factors in a usual way, as in [33]. This readily gives
the reducibility points in case 1). In case 2), we have to use the multiplica-
tivity of γ–factors (with respect to Θψ(σ) →֒ ν
1
2 ⋊ Θ(σ, 2n − 1)|SO(2n+1))
to obtain the claims (for the multiplicativity, cf. [35]). Now we can deduce
the information about the position of the generic subquotient by analyzing
the holomorphicity of C
˜Sp(2n,F )
ψ (P˜ , s, τ ⊗ σ,w0) at the point of reducibility
s = s0, as shown in Corollary 3.4. 
Now we give an example where on the same induced representation we can
observe Whittaker models with respect to different Whittaker functionals.
Example 3.6. Let m ∈ N0. Let µ0 be the non-trivial character of the group
µ2 (cf. (3)), which we view as a representation of ˜Sp(0, F ). Let a ∈ F ∗ \F ∗,2.
Then, the representation
γ−1ψ δ([ν
1
2 , νm+
1
2 ])⋊ µ0
is both ψ– and ψa–generic. It has the length two and the irreducible ψa–
generic subquotient is a (square-integrable) subrepresentation which we de-
note by Stψ,m+1 and the Langlands quotient is the ψ–generic subquotient.
Indeed, the representation
γ−1ψ (ν
m+ 1
2 × νm−
1
2 × · · · × ν
1
2 )⋊ µ0
is regular, and is of the length 2m+1 (similarly as in the algebraic case, by
Casselman, also cf. [42] and [13] for the metaplectic case), so it easily follows
that the representation in question is of the length two, and the unique
subrepresentation is the Steinberg representation. Also, since µ0 is trivially
generic (both with respect to ψ and ψa), we get that the representation in
question also is. In the Siegel case the expression (13) becomes
(16)
C
˜Sp(2n,F )
ψ (P˜ , s, δ([ν
1
2 , νm+
1
2 ])⊗µ0, w0) = cF (s)
γ(δ([ν
1
2 , νm+
1
2 ]), Sym2, 2s, ψ)
γ(δ([ν
1
2 , νm+
1
2 ]), s + 12 , ψ)
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and if we want to calculate the local coefficient for the ψa-Whittaker func-
tional, by (12), we have
C
˜Sp(2n,F )
ψa
(P˜ , s,δ([ν
1
2 , νm+
1
2 ])χa ⊗ µ0, w0) =
cF,a(s)
γ(δ([ν
1
2 , νm+
1
2 ])χa, Sym
2, 2s, ψa)
γ(δ([ν
1
2 , νm+
1
2 ])χa, s +
1
2 , ψa)
.
(17)
Now we use the results of Shahidi [38] to expand these γ–factors. In the
case of (16), both the numerator and denominator have a pole of the first
order at s = 0, so that, in the end, the local coefficient is holomorphic at
s = 0. In the case of (17) the numerator is the same as in the previous case
(thus has a pole at s = 0), but the denominator is holomorphic, so the local
coefficient has a pole for s = 0. Now the conclusion follows from Corollary
3.4.
Remark. 1. Note that in the case if classical groups, if a standard represen-
tation has a square-integrable subquotient, then all the generic subquotients
are necessarily square-integrable (Proposition 1.1 of [25]), which is clearly
not the case in the example above.
2. We shall see that each instance of the failure of the standard mod-
ule conjecture and generalized injectivity conjecture for metaplectic groups
originates essentially from the situation of this example.
3.3. ψ-generic representations of metaplectic groups. We are now
ready to describe the form of ψ-generic representations of ˜Sp(2n, F ).
In his paper [3], Theorem 3.11, Atobe gives a condition characterizing the
L-parameter of a ψ-generic Langlands quotient in terms of the L-function
attached to this L-parameter. He obtained his results using Szpruch’s theory
of local coefficients for the metaplectic group, similarly to the use of those
coefficients in this section. We reprove this result, but we express it in terms
of the conditions on the inducing representation for this Langlands quotient
and related generalized rank one reducibilities. This suites our needs when
calculating theta lifts in the rest of the paper. This form of the condition
for ψ-genericity (and our proof) is also easy to apply to answer a question
about preservation of genericity under the mapping Θψ, cf. Corollary 3.9.
We also completely characterize the reducibility of a standard ψ-generic
representation with a ψ–generic Langlands quotient, thus completing Atobe’s
result in Theorem 3.13 of [3], which only gives a sufficient condition. This
is done in Theorem 3.10.
Theorem 3.7. Let δi, i = 1, 2, . . . , k be irreducible unitarizable square inte-
grable representations of GL(ni, F ), σ a tempered ψ–generic representation
of ˜Sp(2n0, F ) and −→s0 = (s1, s2, . . . , sk) satisfy s1 ≥ s2 ≥ · · · ≥ sk > 0 so
that for −→s = −→s0 the representation
γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δkν
sk ⋊ σ
is standard. Then, the Langlands quotient L(γ−1ψ δ1ν
s1 , . . . , γ−1ψ δkν
sk ;σ) is
ψ–generic if and only if for each i, j ∈ {1, 2, . . . , k}, i 6= j
(18) δiν
si × δjν
sj and δiν
si × δ˜jν
−sj
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is irreducible and the following holds:
(i) if, for i ∈ {1, 2, . . . , k}, δiν
si is not equal to δ([ν1/2, νm+1/2]) for
some m ∈ N0, (actually for 2si− 1) then γ
−1
ψ δiν
si ⋊ σ is irreducible.
(ii) if, for i ∈ {1, 2, . . . , k}, δiν
si = δ([ν1/2, νm+1/2]) for some m ∈ N0,
then, for each even a such that 1⊗ Sa occurs in the L-parameter of
σ, we have a ≥ 4si.
Note that because of (18), there can be at most one occurrence of a repre-
sentation of the form δ([ν1/2, νm+1/2]) among δ1ν
s1 , . . . , δkν
sk .
Before proving the theorem, we state a useful lemma based on Kudla’s
filtration (we use the notation introduced at the end of Section 2.2.2).
Lemma 3.8. Let σ be an irreducible representation of ˜Sp(2n, F ) or O(V ).
Let δ be an irreducible essentially discrete series representation of GL(k, F )
such that δ ≇ Stkν
l−k
2 . If π is an irreducible representation such that δ⋊σ ։
π, then δ ⋊Θl(σ)։ Θl(π).
Proof. This is Corollary 5.3 of [4]. Note that the original statement requires
l > 0, but it can easily be extended to any l by examining the isotypic
components in Kudla’s filtration of the Jacquet modules of the Weil repre-
sentation, as in the proof of Lemma 3.3 of [11]. 
Proof. (of Theorem) By grouping equal si’s together, we can write down the
standard representation γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δkν
sk ⋊ σ as
Π := τ1ν
s′1 × τ2ν
s′2 × · · · τlν
s′
l ⋊ σ,
where s′1 > s
′
2 > · · · > s
′
l, {s
′
1, s2,
′ . . . , s′l} ⊂ {s1, s2, . . . , sk}, l ≤ k and τi are
irreducible tempered representations. Now, the long intertwining operator
Aw0 (cf. Corollary 3.4) attached to representation Π is holomorphic and
non-zero. It is, in a well-known way (e.g. [33]), composed from the (again
holomorphic and non-zero) intertwining operators induced from the ones in
the generalized rank-one case
γ−1ψ (τiν
s′i × τjν
s′j)→ γ−1ψ (τjν
s′j × τiν
s′i),(19)
γ−1ψ (τjν
s′j × τ˜iν
−s′i)→ γ−1ψ (τ˜iν
−s′i × τjν
s′j)
γ−1ψ τiν
s′i ⋊ σ → τ˜iν−s
′
i ⋊ σ,
where i < j. The image of the operator Aw0 is exactly the Langlands quotient
of Π, which we assumed to be ψ-generic. Thus, each subquotient of the
kernel of Aw0 is degenerate. Then, it follows that all the generalized rank
one operators in (19) have to have degenerate kernels. They are standard
intertwining operators whose images are corresponding Langlands quotients,
which are, thus, ψ–generic. In the first two cases in (19) we are, essentially,
in the general linear group case, in which the standard module conjecture
holds. This means that γ−1ψ (τiν
s′i × τjν
s′j) and γ−1ψ (τjν
s′j × τ˜iν
−s′i) have to
be irreducible. From the Corollary 3.4 applied to the third case of (19), it
follows that
C
˜Sp(2m,F )
ψ (P˜i, s, τiν
s′i ⊗ σ,w0)
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is holomorphic at s = 0 (and we already know that it is non-zero). From
the general linear case we conclude (in the language of our original data):
if si > sj, then δiν
si × δjν
sj is irreducible and δiν
si × δ˜jν
−sj is irreducible.
If si = sj for some i < j we have: from the irreducibility of the unitary
induction in the GL–case, we know that δiν
si × δjν
si is irreducible. We just
have to prove that δjν
si × δ˜iν
−si is irreducible if i < j.
Now we use (13) to study the holomorphicity of C
˜Sp(2m,F )
ψ (P˜i, s, τiν
s′i ⊗
σ,w0) at s = 0. Let τi = δ1 × · · · × δr where δi’s are square-integrable. We
have
C
˜Sp(2m,F )
ψ (P˜i, s, τiν
s′i ⊗ σ,w0) = ǫ(s)(20)
r∏
j=1
(
j−1∏
k=1
γ(δkν
s′i × δ˜jν
−s′i , s, ψ)
)
γ(δjν
s′i, sym2, 2s, ψ)
γ(δjν
s′i , s+ 12 , ψ)
γ(σ × δjν
s′i , s, ψ).
Note that the expression
γ(δjν
s′i ,sym2,2s,ψ)
γ(δjν
s′
i ,s+ 1
2
,ψ)
γ(σ× δjν
s′i , s, ψ) is, up to an expo-
nential factor, the local coefficient attached to a representation γ−1ψ δjν
s′i⋊σ
(and the longest Weyl group element). Thus, we know that this local co-
efficient is not zero (as in Corollary 3.4). This means that, in order for
C
˜Sp(2m,F )
ψ (P˜i, s, τiν
s′i ⊗ σ,w0) to be holomorphic, the expression
r∏
j=1
(
j−1∏
k=1
γ(δkν
s′i × δ˜jν
−s′i , s, ψ)
)
has to be holomorphic. But this means that δkν
s′i × δ˜jν
−s′i has to be irre-
ducible, since these Rankin-Selberg γ-factors are essentially the local factors
(and are non-zero). This finishes the proof of (18).
The next step is to examine the consequences of the holomorphy at s = 0
of
γ(δjν
s′i , sym2, 2s, ψ)
γ(δjν
s′i , s+ 12 , ψ)
γ(σ × δjν
s′i, s, ψ)
for each i = 1, 2, . . . , r. Note that γ(δjν
s′i , sym2, 2s, ψ)γ(σ × δjν
s′i , s, ψ) is,
using Corollary 3.3, up to an exponential factor, exactly the local coefficient
attached to the (standard) representation δjν
s′i⋊Θψ(σ). Thus, it is non-zero.
Note that, when we expand
1
γ(δjν
s′i , s+ 12 , ψ)
using L-functions, we get
L(s+ 12 , δjν
s′i)
L(12 − s, δ˜jν
−s′i)
which is always holomorphic for s = 0 by the well-known properties of
Rankin-Selberg L-functions for tempered representations ([34]). It may have
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a zero if L(12−s, δ˜jν
−s′i) has a pole for s = 0. By expanding as in [38], we have
that L(12 , δ˜jν
−s′i) = L(12 − s
′
i +
a−1
2 , ρ˜j) if δj = δ([ρjν
− a−1
2 , ρjν
a−1
2 ]). We get
that a pole occurs only if ρj = 1GL1 and δjν
s′i = δ([ν
1
2 , ν2s
′
i−
1
2 ]) = St2s′iν
s′i.
Thus, we have two cases.
Assume δjν
s′i 6= δ([ν
1
2 , ν2s
′
i−
1
2 ]). Then, γ(δjν
s′i , sym2, 2s, ψ)γ(Θψ(σ)× δjν
s′i,
s, ψ) is holomorphic, thus by Corollary 3.4 (since the same argument as
there holds in the case of odd orthogonal groups), the Langlands quotient
L(δjν
s′i ; Θψ(σ)) is generic. But, since the standard module conjecture holds
for odd orthogonal groups, this means that
(*) δjν
s′i ⋊Θψ(σ) is irreducible.
However, γ−1ψ δjν
s′i ⋊ σ is also irreducible. Indeed, let Θψ(σ)ǫ be the unique
extension of Θψ(σ) from SO(2n0+1, F ) to O(2n0+1, F ) which participates
in ψ–theta correspondence with ˜Sp(2n0, F ). Then, Θ(Θψ(σ)ǫ, 2n0) = σ. We
now use Lemma 3.8 with l = 0: since δjν
s′i ⋊Θψ(σ) is irreducible, we have
δjν
−s′i ⋊Θψ(σ)ǫ ։ L(δjνs
′
i ; Θψ(σ)
ǫ).
Since δjν
−s′i 6= St2s′
i
ν−s
′
i , Lemma 3.8 gives
γ−1ψ δjν
−s′i ⋊ σ ։ Θ(L(δjνs
′
i ; Θψ(σ)
ǫ), 2n0 + 2nj)
։ θ(L(δjν
s′i ; Θψ(σ)
ǫ), 2n0 + 2nj).
Then, if Θ(L(δjν
s′i ; Θψ(σ)
ǫ), 2n0+2nj) 6= 0, we have θ(L(δjν
s′i ; Θψ(σ)
ǫ), 2n0+
2nj) = Θψ(L(δjν
s′i ; Θψ(σ)). This is, by Theorem 1.3.(iii) of [8], exactly
L(γ−1ψ δjν
s′i;σ). Thus, we have
γ−1ψ δjν
−s′i ⋊ σ ։ L(γ−1ψ δjν
s′i ;σ)
and the properties of Langlands classification guarantee that γ−1ψ δjν
−s′i⋊σ is
irreducible. We now comment on non-vanishing of Θ(L(δjν
s′i ; Θψ(σ)
ǫ), 2n0+
2nj).We want to show that L(δjν
s′i ; Θψ(σ)
ǫ) is the right extension of L(δjν
s′i;
Θψ(σ)) which participates in theta correspondence. But this easily follows
from the multiplicativity of epsilon factors, which govern the non-vanishing
of the lift (cf. the seventh section of [8]).
Now we assume that δjν
s′i = δ([ν
1
2 , ν2s
′
i−
1
2 ]) (so, necessarily 2s′i ∈ N). We
saw that, in this case,
• 1
γ(δjν
s′
i ,s+ 1
2
,ψ)
has a simple zero at s = 0
• we easily get (e.g. by using Proposition 8.1 of [38]) that γ(δjν
s′i,
sym2, 2s, ψ) has a pole of the first order.
From this, we conclude that
• γ(σ × δjν
s′i , s, ψ) is holomorphic and non-zero
• γ(δjν
s′i , sym2, 2s, ψ)γ(σ × δjν
s′i , s, ψ) has a pole; using arguments
as in the previous case, this means that the Langlands quotient
L(δjν
s′i ; Θψ(σ)) is not generic; thus
(**) δjν
s′i ⋊Θψ(σ) reduces.
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We now study the condition of γ(σ × δjν
s′i , s, ψ) = γ(Θψ(σ) × δjν
s′i, s, ψ)
being holomorphic. Let δ′1, . . . , δ
′
l and σ
′ denote the tempered support of
Θψ(σ), i.e.
Θψ(σ) →֒ δ
′
1 × · · · × δ
′
l ⋊ σ
′.
Then, by the multiplicativity of gamma factors ([35]),
γ(Θψ(σ)× δj , s + s
′
i, ψ) =
γ(σ′ × δj , s + s
′
i, ψ)
l′∏
k=1
γ(δj × δ
′
k, s+ s
′
i, ψ)γ(δj × δ˜
′
k, s+ s
′
i, ψ).
By Proposition 7.2 of [36], each of the factors is non-zero (for s = 0; recall
s′i > 0) so for product to be holomorphic, each factor has to be holomorphic.
Thus, δjν
s′i×δ′k and δjν
s′i× δ˜′k has to be irreducible. In terms of L-parameter
of Θψ(σ) (cf. [1]) we can reformulate holomorphy as the following condition:
if 1⊗ Sa appears in the L-parameter of Θψ(σ) (and comes from δ
′
1, . . . , δ
′
l )
for some even a, then a ≥ 4s′i.
Now we analyze the holomorphicity of γ(σ′ × δj , s + s
′
i, ψ), where σ
′ is a
generic discrete series representation. Either by using (2) and Shahidi’s re-
sults on multiplicativity, or, directly with the L-parameter of σ′ ([1], cf. Sec-
tion A4. of [4]) we easily get that the holomorphicity of γ(σ′ × δj , s+ s
′
i, ψ)
forces each a, such that 1⊗Sa belongs to the L-parameter of σ
′, to be greater
of equal to 4s′i. 
In Theorem 1.3 (v) of [8], the authors claim that if π is an irreducible,
ψ–generic and tempered representation of S˜p(2n), then Θψ(π) is generic
tempered representation of SO(2n+1). The proof of Theorem 3.7 enables us
to explicitly describe when the lift of an irreducible, ψ–generic representation
π of S˜p(2n) is generic.
Corollary 3.9. Let π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δkν
sk ;σ) be a ψ-
generic, irreducible representation of S˜p(2n). Then, Θψ(π) is generic if and
only if none of the representations δ1ν
s1 , . . . , δkν
sk is of the form δ([ν1/2,
νm+1/2]) for some m ∈ N0.
Proof. By Theorem 1.3. (iii) of [8], Θψ(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δkν
sk ; Θψ(σ)).
Now the result directly follows using claims (*) and (**) from the proof of
Theorem 3.7, coupled with the factorization of the long intertwining opera-
tor and the standard module conjecture for the odd orthogonal groups. 
Theorem 3.7 characterizes standard ψ-generic representation which pos-
sess a ψ-generic Langlands quotient. However, we have yet to characterize
the reducibility of such a standard representation. We do this in the follow-
ing theorem.
Theorem 3.10. Let σ be an irreducible tempered ψ-generic representation
of ˜Sp(2n, F ) such that l(σ) = 0; let φ denote its L-parameter. We set
a0 = min{a : a is even and Sa →֒ φ}. Assume that si > 1 is a half-integer
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(i.e., 2si ∈ Z). Then the following holds:
γ−1ψ St2siν
si ⋊ σ is
{
reducible, if 4si  a0
irreducible, if 4si = a0.
Note that this dictates the reducibility of the standard representation con-
sidered in Theorem 3.7. We have omitted the case si =
1
2 , as it is treated in
Proposition 4.2. We postpone the proof of Theorem 3.10 to Appendix A.
4. Non-vanishing of theta lifts
We want to find the dimensions of the first occurrences of a ψ–generic
irreducible representation of ˜Sp(2n, F ) in a pair of orthogonal towers with
respect to ψ–theta correspondence. After the determination of the levels
of the first occurrence, we want to determine completely how these (small)
theta lifts look like, not only for the first occurrence, but also further up
in the quadratic towers. For simplicity of notation, we first treat the (more
complicated) case of the lifts to the pair of orthogonal towers attached to
the trivial quadratic character (i.e., in notation of [4], χV is trivial).
In addition to the notation introduced at the end of Section 2.2.2, we use
the following to denote the first occurrence indices (cf. [4, Section 2.10]). For
an irreducible representation π of ˜Sp(2n, F ) let mdown(π) denote the dimen-
sion at which π appears in the theta correspondence with the tower where
it first appears (between the two towers in a pair). This is the extension of
the definition of mdown(π) when π is tempered, given in [4]. Analogously we
define mup(π). Let l(π) = 2n+ 1−mdown(π); again this is the extension of
the definition of l(π) when π is tempered; note that for tempered ψ-generic
π, l(π) ∈ {0, 2} (cf. Theorem 4.1. of [4]). The conservation conjecture then
guarantees that π appears at the going up tower for l = −l(π)− 2. Then we
have the following
Proposition 4.1. Let π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δkν
sk ;σ) be a ψ–
generic representation of ˜Sp(2n, F ). Then we have one of the following:
(1) Assume that none of δ1ν
s1 , . . . , δkν
sk is of the form δ([ν1/2, ν2si−1/2]).
Then, l(π) = l(σ).
(2) Assume that there exists (a unique!, cf. Theorem 3.7) i ∈ {1, 2, . . . , k}
such that δiν
si = δ([ν1/2, ν2si−1/2]). Then,
• If l(σ) = 2, then si =
1
2 and l(π) = l(σ) = 2.
• If l(σ) = 0, then l(π) = l(σ) = 0 unless si =
1
2 .
Proof. We look at the lifts of π on the going-up tower for σ. Let l = −l(σ),
so that Θl(σ) = 0. Then, by the the consecutive use of Lemma 3.8, we get
that
δ1ν
s1 × δ2ν
s2 × · · · × δkν
sk ⋊Θl(σ)։ Θl(π).
Note that we are not in the exceptional case of that Lemma: indeed, since
l ≤ 0, so that l−t2 < 0 for each positive t, then δiν
si ≇ St
l−t
2
t . This means
that Θl(π) = 0, so that, in that tower, π appears later (or for the same l)
than σ. But it means that on the other tower it appears earlier than σ, i.e.,
l(π) ≥ l(σ). Note that this holds for every ψ–generic π; also, this means that
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the going-up tower for π is the same as for σ. Now we argue similarly for
the going-down tower; we look at the level l = l(σ) + 2. We again get that
Θl(π) = 0, provided we are not in the exceptional case of Lemma 3.8. If we
are not in the exceptional case, this gives l(π) ≤ l(σ) and l(π) = l(σ). Now
we just want to see what are the exceptional cases. If l(σ) = 2, these are:
ν3/2, ν1St2 ν
1/2St3. Note that the first and the third representation are not
of the form St2siν
si , thus by Theorem 3.7, in the standard representation
corresponding to π we can interchange ν3/2 by ν−3/2 and ν1/2St3 by ν
−1/2St3
so that we avoid exceptional case of Lemma 3.8. On the other hand, in the
second case we are in the situation where si = 1, and ν
1St2 is indeed an
exceptional case of Theorem 3.7. But since l(σ) = 2, an irreducible summand
S2 appears in the L-parameter of of σ (Theorem 4.1 of [4]), this contradicts
genericity requirement 4si ≤ 2 appearing in Theorem 3.7, thus this case
cannot happen. We conclude that if l(σ) = 2, then l(π) = 2. Using Theorem
3.7, we see that the only representation of the form δiν
si = δ([ν1/2, ν2si−1/2])
which can appear among δ1ν
s1 , . . . , δkν
sk if l(σ) = 2 (i.e., if S2 appears in
the L-parameter of σ) is ν1/2.
Similarly, the exceptional case if l(σ) = 0 is only δiν
si = ν1/2. 
From Proposition 4.1 it obvious that the reducibility of the representation
γ−1ψ ν
1/2 ⋊ σ plays an important role in the calculation of the theta lifts of
π, if ν1/2 appears among δ1ν
s1 , . . . , δkν
sk .
Proposition 4.2. Assume that σ is a ψ–generic, irreducible, tempered
representation of ˜Sp(2n, F ). Then γ−1ψ ν
1/2 ⋊ σ is reducible if and only if
l(σ) = 0.
Proof. We first assume that l(σ) = 0. Then, the representation δ([ν−1/2, ν1/2])
⋊Θ0(σ) reduces (σ and Θ0(σ)|SO(2n+1,F ) have the same L–parameter). Fur-
thermore, we know that γ−1ψ δ([ν
−1/2, ν1/2]) ⋊ σ is reducible by Proposition
3.4. of [11]. This means that the long intertwining operator
A(w0, s) : γ
−1
ψ δ([ν
−1/2, ν1/2])νs ⋊ σ → γ−1ψ δ([ν
−1/2, ν1/2])ν−s ⋊ σ
is holomorphic at s = 0. Indeed, if σ is square-integrable, this is an easy
extension of Harish-Chandra R-groups theory to the metaplectic case. We
comment below the case when σ is not square-integrable. Here w0 is the
longest Weyl group element of ˜Sp(2n+ 4, F ) modulo the longest one in
the corresponding Levi subgroup. But, A(w0, s) is the restriction of the
intertwining operator B(w0, s) acting on γ
−1
ψ (ν
1/2 × ν−1/2) ⋊ σ, which is
composed of the following intertwining operators
γ−1ψ ν
1/2+s × γ−1ψ ν
−1/2+s ⋊ σ
T1(s)
−−−→
γ−1ψ ν
1/2+s × γ−1ψ ν
1/2−s ⋊ σ
T2(s)
−−−→
γ−1ψ ν
1/2−s × γ−1ψ ν
1/2+s ⋊ σ
T3(s)
−−−→
γ−1ψ ν
1/2−s × γ−1ψ ν
−1/2−s ⋊ σ.
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Now we assume that γ−1ψ ν
1/2⋊σ is irreducible. Then, maybe after multiply-
ing with a certain non-negative power of s, T1(s), T2(s), T3(s) are all holo-
morphic isomorphisms. Thus, there exists k ≥ 0 such that lims→0 s
kB(w0, s)
is holomorphic isomorphism. Note that k is actually strictly greater than 0
since T2(s) certainly has a pole for s = 0. This means that A(w0, s) has a
pole for s = 0, a contradiction. Thus, γ−1ψ ν
1/2 ⋊ σ is reducible.
We now comment on holomorphy of A(w0, s) when σ is non-square inte-
grable. Let
(21) σ →֒ γ−1ψ δ1 × · · · × γ
−1
ψ δr ⋊ σ0,
where δi, i = 1, 2, . . . , r and σ0 are square-integrable. Then, A(w0, s) is a
restriction of an operator which is composed of GL–induced operators
γ−1ψ δ([ν
−1/2, ν1/2])νs × γ−1ψ δi → γ
−1
ψ δi × γ
−1
ψ δ([ν
−1/2, ν1/2])νs
and
γ−1ψ δi × γ
−1
ψ δ([ν
−1/2, ν1/2])ν−s → γ−1ψ δ([ν
−1/2, ν1/2])ν−s × γ−1ψ δi,
and the operator
γ−1ψ δ([ν
−1/2, ν1/2])νs ⋊ σ0 → γ−1ψ δ([ν
−1/2, ν1/2])ν−s ⋊ σ0.
The last operator is holomorphic, by the discussion above. Since for all i =
1, 2, . . . , r we have δi ≇ δ([ν−1/2, ν1/2]), by the Harish-Chandra commuting
algebra theorem, all the GL–induced operators are holomorphic.
Now we assume l(σ) = 2. We need the following Lemma.
Lemma 4.3. Let σ be a tempered ψ-generic representation of ˜Sp(2n, F )
whose L-parameter contains S2 with positive multiplicity. Then
(1) Each (possible) irreducible subquotient of γ−1ψ ν
1/2 ⋊ σ and of ν1/2 ⋊
Θ0(σ) different from their Langlands quotient is tempered.
(2) The representation ν1/2 ⋊Θ0(σ) is of length two.
We postpone the proof of this Lemma after the proof of this Proposition.
Now we can finish the proof of Proposition. We recall that we now assume
that the multiplicity in which S2 appears in the L-parameter of σ is positive
(i.e. l(σ) = 2). Assume that γ−1ψ ν
1/2 ⋊ σ is reducible. Thus, there is an
irreducible, and according to Lemma 4.3, tempered representation T such
that γ−1ψ ν
−1/2 ⋊ σ ։ T. We prove that T cannot have a non-zero lift on
the split orthogonal tower for l = 0. Thus, the lift on the non-split tower
for l = 0 should be non-zero, but, in this case, we also get a contradiction.
So, assume firstly that Θ0(T ) is non-zero on the split tower. Note that
necessarily Θ0(T ) is irreducible and tempered ([8], Theorem 8.1). Then, we
either have
(22) ν−1/2 ⋊Θ0(σ)։ Θ0(T )
or
(23) θ−2(σ) = Θ0(T ).
The second possibility cannot occur, since by Theorem 4.3. of [4], θ−2(σ) is
not tempered. Assume that the first possibility occurs. Then, by Lemma
4.3, Θ0(T ) is the generic tempered subquotient of ν
−1/2 ⋊Θ0(σ). But then
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Θ0(Θ0(T )) = T is ψ–generic (Theorem 9.1. of [8]), which is not true, since
in γ−1ψ ν
1/2 ⋊ σ its Langlands quotient is ψ–generic by Theorem 3.7. So,
we conclude that Θ0(T ) has to be non-zero on the non-split tower. Now
we again have (22) or (23), but on the non-split tower. But then neither
(22) nor (23) can hold, since both Θ0(σ) and Θ−2(σ) are zero on the non-
split tower—σ lifts to the non-split tower first on the level l = −4 as a
consequence of the conservation relation. We conclude that γ−1ψ ν
1/2 ⋊ σ is
irreducible and we have finished the proof of this Proposition. 
Proof. (of Lemma 4.3). For a representation τ of the metaplectic or odd-
orthogonal group (full or special) we denote by µ∗(τ) the semisimplification
of the sum of Jacquet modules of τ over all maximal standard parabolic
subgroups. There is a formula by Tadic´ ([41]) for classical groups, checked
for metaplectic groups in [13], for calculation of µ∗ for parabolically induced
representations (e.g., Proposition 4.5 of [13]). Now, let π ∈ {σ,Θ0(σ)}, as
we are going to address simultaneously the metaplectic and the orthogonal
case. Assume that there exists a non-tempered irreducible subquotient π1
of ν1/2 ⋊ π (if we are in the metaplectic case, we just add γ−1ψ before a GL-
representation; the same remark applies for the expansion of µ∗(ν1/2 ⋊ π)
below). Then, directly form the Langlands classification, we get that there
exist l1, l2 ∈ R such that l1 + l2 + 1 ∈ N and l1 − l2 < 0, an irreducible
cuspidal representation ρ and an irreducible representation π2 of a smaller
metaplectic or odd orthogonal group such that
π1 →֒ δ([ρ˜ν
−l2 , ρ˜νl1 ])⋊ π2.
Then
δ([ρ˜ν−l2 , ρ˜νl1 ])⊗ π2 ≤ µ
∗(π1) ≤ µ
∗(ν1/2 ⋊ π).
Using the above mentioned formula for µ∗(ν1/2 ⋊ π), we get that
δ([ρ˜ν−l2 , ρ˜νl1 ])⊗π2 ≤
∑
δ′⊗σ1
(ν−1/2× δ′⊗σ1+ δ
′⊗ ν1/2⋊σ1+ ν1/2× δ′⊗σ1),
where µ∗(π) =
∑
δ′ ⊗ σ1. Now we discuss all three summands above.
• δ([ρ˜ν−l2 , ρ˜νl1 ]) ≤ ν−1/2 × δ′, π2 = σ1.
Looking at the cuspidal support, which has to be multiplicity free,
and the fact that δ′ has to be non-degenerate, we get that ρ = 1GL1 ,
and δ′ = δ([ν−l2 , ν−3/2]) × δ([ν1/2, νl1 ]). If the first factor is non-
trivial, this contradicts the temperedness of π. But then −l2 ≥ −
1
2 .
Also, if the second factor exists, l1 ≥
1
2 . This would contradict the
requirement l1 − l2 < 0, thus, the second factor also does not exist
(i.e., δ′ = 1). Thus, δ([ρ˜ν−l2 , ρ˜νl1 ]) = ν−
1
2 and σ1 = π. This gives
that π1 is actually the Langlands quotient of ν
1/2 ⋊ π.
• δ([ρ˜ν−l2 , ρ˜νl1 ]) = δ′, π2 ≤ ν
1/2 ⋊ σ1. This cannot happen, since this
would contradict the temperedness of π.
• δ([ρ˜ν−l2 , ρ˜νl1 ]) ≤ ν1/2 × δ′, π2 = σ1. We have δ
′ = δ([ν−l2 , ν−1/2])×
δ([ν3/2, νl1 ]). The existence of the first factor would violate the tem-
peredness of π, so −l2 ≥ 1/2. The existence of the second factor
would mean that l1 ≥ 3/2 so that −l2 + l1 ≥ 2. Thus, the second
24 GENERIC REPRESENTATIONS OF METAPLECTIC GROUPS
factor does not exist, δ′ = 1, σ1 = π and δ([ρ˜ν
−l2 , ρ˜νl1 ]) = ν1/2, a
contradiction.
We have proved the first part of this Lemma. As for the second part, we
prove a slightly more general
Claim Let π00 be an irreducible, generic and tempered representation of
SO(2n + 1, F ) (or O(2n + 1, F )). Then, the representation ν1/2 ⋊ π00 is of
length two.
We now prove the Claim. We know that ν1/2 ⋊ π00 is reducible; namely
the irreducible generic subqotient, say T1, is a tempered subrepresentation;
cf. Propositions 4.5 and 4.8 of [12]. We first prove the Claim in the sit-
uation in which π00 is square-integrable. Assume firstly that S2 does not
appear in the L-parameter of π00. Then, we know by [12] that ν
1/2 ⋊ π00
has a square-integrable irreducible generic subrepresentation. By the first
part of the proof, all other irreducible subquotients of ν1/2⋊π00, other than
the Langlands quotient, are tempered. More precisely, they are all square-
integrable, since they share the common cuspidal support. So, the maximal
proper subspace of ν1/2 ⋊ π00 is a tempered representation of finite length,
with each subquotient square-integrable. Because of the projectivity of dis-
crete series in the category of finite length tempered representations, paired
with the fact that the multiplicity of ν1/2 ⊗ π00 in the appropriate Jacquet
module of ν1/2 ⋊ π00 equals one (one can readily confirm this using Tadic´’s
formula, since S2 does not appear in the L-parameter of π00), we get the
claim. If, on the other hand, S2 appears in the L-parameter of π00, then
there exists an irreducible generic and square-integrable representation ξ
such that π00 →֒ ν
1/2⋊ ξ. Let T be any irreducible tempered subquotient of
ν1/2⋊π00. Then T ≤ ν1/2×ν−1/2⋊ξ. So we either have T ≤ ζ(−1/2, 1/2)⋊ξ,
or T ≤ δ([ν−1/2, ν1/2])⋊ξ. Both of these induced representations are actually
unitarizable, so T is their subrepresentation. Then the first possibility can-
not occur because of Casselman temperedness criterion. So, each tempered
subquotient T is embedded in δ([ν−1/2, ν1/2]) ⋊ ξ. But when we calculate
the multiplicity of δ([ν−1/2, ν1/2])⊗ ξ in the appropriate Jacquet module of
ν1/2 ⋊ π00, we see that it is equal to one; thus only one such T can occur.
Now we turn to the case in which π00 is tempered (and generic). Let
π00 →֒ π1 × π2 × · · · × πk ⋊ ξ0
be the embbeding of π00 in its tempered support. Then, we also have
ν1/2 ⋊ π00 →֒ Π := π1 × π2 × · · · × πk × ν1/2 ⋊ ξ0.
The representation ν1/2⋊ξ0, by the previous cases, has the unique irreducible
tempered (or square-integrable) generic subquotient (which is a subrepre-
sentation), say ξ00. Similarly as above, we conclude than any tempered sub-
quotient T of ν1/2⋊π00 is embedded as T →֒ Π1 =: π1×π2× · · · ×πk⋊ ξ00.
Note that any tempered subquotient of Π is actually a subrepresentation of
Π1, which has the multiplicity one property. This means that the maximal
proper subrepresentation of ν1/2 ⋊ π00 (which is generated by all the irre-
ducible tempered subquotients) is actually a subrepresentation of Π1, so it is
semi-simple, thus the socle of ν1/2⋊π00. If, additionally, S2 does not appear
in the L-parameter of π00, we get that the multiplicity of ν
1/2 ⊗ π00 in the
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appropriate Jacquet module of ν1/2⋊ π00 is one, meaning that there is only
one irreducible subrepresentation occurring in ν1/2 ⋊ π00. We now address
the cases in which π00 is tempered and S2 does appear in its L-parameter.
We argue by induction, separately on the parity of the appearance of S2 in
the L-parameter. We first address the even parity.
Assume that S2 appears in the L-parameter of π00 with multiplicity 2h, h ≥
1. First, assume that h = 1. Then, π00 →֒ δ([ν
−1/2, ν1/2]) ⋊ π0, where π0 is
tempered, generic and S2 does not appear in its L-parameter. Similarly as
above, we get that each irreducible tempered subquotient T of ν1/2 ⋊ π00
(which is actually a subrepresentation there, by the previous reasoning) is
embedded in δ([ν−1/2, ν1/2])⋊ζ0, where ζ0 is the unique subquotient of ν1/2⋊
π0 different from its Langlands quotient. But ζ0 is generic and has S2 in
its Langlands parameter. This means that δ([ν−1/2, ν1/2])⋊ ζ0 is irreducible
and generic, so T is the unique irreducible generic subquotient of ν1/2 ⋊ π0
and thus appears with the multiplicity one there; we are finished with the
basis of the induction. Now the induction step is performed virtually in
the same fashion as the basis of the induction procedure, where we now
assume that S2 appears in the L-parameter of π00 with multiplicity 2h + 2
so that it appears for ζ0 with multiplicity 2h. Now we finish the case with
odd multiplicities. As a basis, we consider the case where S2 appears in the
L-parameter of π00 with multiplicity one. The proof in this case is similar to
the case in which π00 is square-integrable and S2 appears in the L-parameter
of π00 with multiplicity one, discussed above. The induction step is proved
in the same way as in the case of even multiplicities. 
Corollary 4.4. Let π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δkν
sk ;σ) be a ψ-
generic, irreducible representation of S˜p(2n). If l(σ) = 2, the standard mod-
ule conjecture holds for this representation, i.e., γ−1ψ δ1ν
s1×γ−1ψ δ2ν
s2×· · ·×
γ−1ψ δkν
sk ⋊ σ is irreducible.
Proof. This follows from Theorem 3.7, especially on requirements on the
form of factors δ([ν1/2, νm+1/2]), Proposition 4.1 2) and Proposition 4.2. 
5. Theta lifts of generic representations
We are now ready to determine the theta lifts of those generic repre-
sentations which satisfy the standard module conjecture. By Corollary
4.4 and Theorem 3.7, these include all the generic representations π =
L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δkν
sk ;σ) for which l(σ) = 2, as well as those
for which l(σ) = 0 and no δiν
si is of the form δ([ν1/2, νm+1/2]). The
following proposition describes the lifts of such representations. We note
that the remaining generic representations, i.e., those with l(σ) = 0 and
δiν
si ∼= δ([ν1/2, νm+1/2]) for some i, may or may not be irreducible (see
Theorem 3.10). Their lifts are treated in Section 6.
Proposition 5.1. Let π be an irreducible generic representation which sat-
isfies the standard module conjecture, i.e.
π = γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δkν
sk ⋊ σ.
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Let l be an even integer such that θl(π) 6= 0. If l = 2, assume δiν
si 6= ν
1
2 ,
∀i. Then
δrν
sr × · · · × δ1ν
s1 ⋊ θl(σ)։ θl(π).
Furthermore, if θl(σ) = L(δ
′
kν
s′
k , . . .× δ′1ν
s′1 ; τ), then θl(π) is uniquely deter-
mined by
θl(π) = L(δ1ν
s1 , . . . , δkν
sk , δ′1ν
s′1 , . . . , δ′kν
s′
k ; τ).
Note that we use the notation for the Langlands quotient loosely, i.e., we as-
sume that the {δ1ν
s1 , δ2ν
s2 , . . . , δkν
sk} are permuted among {δ′1ν
s′1 , . . . , δ′kν
s′
k}
so that they appear in descending order.
In the exceptional case when l = 2 and there is an index i (unique, by
Theorem 3.7) such that δiν
si = ν
1
2 , we may assume i = 1. We then have
θ2(π) = L(δ2ν
s2 , . . . , δkν
sk ; θ0(σ)).
The proof is distributed among the following two sections. We begin by
considering the first non-zero lifts.
5.1. The first lifts of a ψ-generic representation which satisfies
the standard module conjecture. We have two basic cases to consider:
l(σ) = 2 and l(σ) = 0. We treat these cases separately. Recall that we also
assume that none of the δiν
si is of the form δ([ν1/2, νm+1/2]), m ∈ Z≥0 when
l(σ) = 0 (we consider these exceptional representations in Section 6).
Case 1: l(σ) = 0.
We first look at the going-down tower. Proposition 4.1 shows that Θ0(π) is
the first lift in this case. Repeatedly applying Lemma 3.8 with l = 0 like in
Proposition 4.1, we get
δ1ν
s1 × δ2ν
s2 × · · · × δkν
sk ⋊Θ0(σ)։ Θ0(π)։ θ0(π).
Since Θ0(σ) is irreducible and tempered (by Proposition 2.1), this gives us
the standard module for θ(π).
In the going-up tower, π first appears when l = −2 (by the conservation
relation). We use the same argument, this time with l = −2. We get
δ1ν
s1 × δ2ν
s2 × · · · × δkν
sk ⋊Θ−2(σ)։ Θ−2(π)։ θ−2(π).
Note that Θ−2(σ) is irreducible and tempered. Indeed, this follows easily
from Lemma 3.8, using the tempered support of σ and the irreducibility
of Θ−2(π00), where π00 is the classical part of the tempered support of σ
(cf. the remark after Proposition 6.3). Consequently, the left-hand side of
the above map is the standard module for θ−2(π).
Case 2: l(σ) = 2.
We employ the same strategy in this case. On the going-down tower we
have l(π) = 2, by Proposition 4.1. To avoid technical difficulties, we initially
assume that none of the δiν
si equals ν
1
2 . This eliminates the only exceptional
case of Lemma 3.8 for l = 2, so we can use it to get
δ1ν
s1 × δ2ν
s2 × · · · × δkν
sk ⋊Θ2(σ)։ Θ2(π)։ θ2(π).
In this case we do not know if Θ2(σ) is irreducible, but we know that all of
its subquotients are tempered [4, Proposition 5.5]. We need to determine
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which subquotient τ of Θ2(σ) participates in the above map. In fact, we
will show that τ = θ2(σ).
To do this, we utilize Lemma 3.8 in reverse direction to get
γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δkν
sk ⋊Θ−2(τ)։ π.
If Θ−2(τ) is the first lift of τ to the tower of metaplectic groups, then we
may again deduce that Θ−2(τ) is irreducible and tempered. The uniqueness
of the standard module for π now implies θ−2(τ) = σ, which in turn gives
us τ = θ2(σ). If Θ−2(τ) is not the first lift, i.e. if Θ0(τ) is non-zero, then
θ−2(τ) is not tempered, so we need a different argument.
In this case, one easily shows that Θ0(θ2(π)) is also non-zero. Thus,
setting l = 0 instead of l = −2 we get
γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δkν
sk ⋊Θ0(τ)։ θ0(θ2(π)).
Since π = θ−2(θ2(π)) is a subquotient of γ
−1
ψ ν
1
2 ⋊θ0(θ2(π)), heredity implies
that θ0(θ2(π)) is generic. But then the above map shows that Θ0(τ) (which
is irreducible and tempered) must also be generic, again by heredity. Using
Theorem 1.3 (v) of [8] we now get that τ is generic. Similarly, the fact
that θ0(σ) is a generic subquotient of ν
− 1
2 ⋊ θ2(σ) implies that θ2(σ) is also
generic.
We now know that θ2(σ) and τ are both generic subquotients of Θ2(σ).
Since they both belong to the same L-packet (see Lemma 6.4 of [4]), this
means that they can differ only by a twist of the determinant character.
However, it is easy to show that this is not the case, and that θ2(σ) and τ
are in fact isomorphic. Indeed, this follows from the fact that both Θ0(τ)
and Θ0(θ2(σ)) are non-zero.
It remains to comment on the exceptional case when one of the δiν
si
equals ν
1
2 . Since the standard module of π is assumed to be irreducible,
ν
1
2 appears at most once. Furthermore, we can rearrange the δi’s in any
order, so we may assume that i = 1. We thus have γ−1ψ ν
1
2 ⋊ π′ ∼= π with
π′ ∼= γ−1ψ δ2ν
s2×· · ·×γ−1ψ δkν
sk⋊σ. A simple application of Kudla’s filtration
(like the one used in Lemma 3.8) combined with the irreducibility of ν
1
2 ⋊π′
now shows that we have
ν
1
2 ⋊Θ2(π′)։ Θ2(π)։ Θ0(π′)։ 0.
This implies that θ2(π) equals θ0(π
′), which we have already determined in
Case 1.
The first lift on the going-up tower appears when l = −4. As before, we
have
δ1ν
s1 × δ2ν
s2 × · · · × δkν
sk ⋊Θ−4(σ)։ Θ−4(π)։ θ−4(π).
We have two distinct subcases, depending on the multiplicity of S2 in the
parameter of σ. If the multiplicity is odd, then Θ−4(σ) is the first non-zero
lift on this tower, and is irreducible and tempered by the same argument
already used for Θ−2(σ) in Case 1. If the multiplicity is even, the lift θ−4(σ)
is non-tempered so we must proceed in a different manner. We treat this
case in the following section.
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In all cases of the above discussion, we have had (for a suitable value of
l)
δ1ν
s1 × δ2ν
s2 × · · · × δkν
sk ⋊ θl(σ)։ θl(π).
Thus far, θl(σ) has been tempered, which allowed us to deduce that the left-
hand side of the above map is the standard module for θl(π). In the next
section, we show that the above map is still valid in all the remaining cases.
Furthermore, we demonstrate how the standard module can be determined
from this map despite the fact that θl(σ) is no longer tempered.
5.2. The higher lifts of a ψ-generic representation which satisfies
the standard module conjecture. The previous section deals with the
cases in which l = 2, 0,−2 and a part of the l = −4 case (recall that
l = 2n + 1 − m). In this section we assume that l 6 −4. Adjusting the
notation, we let l > 4 be even; we wish to determine π′ = θ−l(π). As before,
we begin by applying Lemma 3.8 to get
(24) δ1ν
s1 × δ2ν
s2 × · · · × δkν
sk ⋊Θ−l(σ)։ Θ−l(π)։ π′.
The technical difficulty here is that, in contrast with the previous cases, we
do not know if Θ−l(σ) is irreducible. In other words, we need to determine
the irreducible subquotient of Θ−l(σ) which participates in the above map.
To do this, we introduce the tempered support of σ: we know that σ is a
subquotient of
δ′1 × · · · × δ
′
l ⋊ π00
where δ′1, . . . , δ
′
l, π00 are irreducible discrete series representations. In fact,
the above representation is semisimple. Thus, setting ∆ = δ′1 × · · · × δ
′
l and
repeatedly applying Lemma 3.8 again, we get
∆⋊Θ−l(π00)։ Θ−l(σ).
This allows us to expand (24) into
(25) δ1ν
s1 × · · · × δkν
sk ×∆⋊Θ−l(π00)։ π′.
We now need an important technical lemma:
Lemma 5.2. The subquotient of Θ−l(π00) which participates in (25) is
θ−l(π00). In other words, we have
(26) δ1ν
s1 × · · · × δkν
sk ×∆⋊ θ−l(π00)։ π′.
Proof. This is Proposition 7.1 of [5]. 
The above map (26) is not sufficient to uniquely determine π′. To do this,
we have to find the standard module of π′. Before we start, let us return for
a moment to (24). Our goal is to show two things (see Proposition 5.1):
• the subquotient of Θ−l(σ) which participates in that map is θ−l(σ);
• the standard module of π′ is obtained by adding δ1ν
s1 , . . . , δkν
sk
to the standard module of θ−l(σ) (and sorting the representations
decreasingly with respect to the exponents).
The shape of θ−l(σ), which is crucial in the ensuing caluculations, is com-
pletely determined by [4, Theorems 4.3 and 4.5]. We compile the results of
these theorems in the following proposition.
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Proposition 5.3. Let σ be an irreducible tempered representation of the
metaplectic group. Let φ denote its L-parameter; assume that l > 0 is even.
(i) On the going-down tower, θ0(σ) is tempered and we have
ν
l−1
2 × · · · × ν
1
2 ⋊ θ0(σ)։ θ−l(σ).
(ii) If l(σ) = 0 then θ−2(σ) is the first non-zero lift on the going-up tower;
it is tempered. Furthermore, θ−l(σ) is given by
ν
l−1
2 × · · · × ν
3
2 ⋊ θ−2(σ)։ θ−l(σ).
(iii) Assume that l(σ) = 2 and that mφ(S2) (the multiplicity of S2 in φ) is
odd. Then θ−4(σ) is the first lift on the going up tower; it is tempered.
We have
ν
l−1
2 × · · · × ν
5
2 ⋊ θ−4(σ′)։ θ−l(σ).
(iv) Assume l(σ) = 2 and that mφ(S2) = 2h > 0. Then there are no
tempered lifts on the going-up tower and we have
ν
l−1
2 × · · · × ν
5
2 × St3ν
1
2 × (St2, h− 1)⋊ θ−2(σ′)։ θ−l(σ).
Here σ′ denotes the (unique) irreducible tempered representation such
that σ →֒ (St2, h) ⋊ σ′ (also (St2, h) = St2 × · · · × St2, h times). Since
the parameter of θ−2(σ
′) contains S2, the representation (St2, h− 1)⋊
θ−2(σ
′) is irreducible and tempered.
Our proof starts by analyzing the map (26) established by Lemma 5.2.
We have four cases depending on the shape of σ, each of them corresponding
to one of the cases of the previous Proposition. Before beginning the case-
by-case analysis, we state a useful technical lemma:
Lemma 5.4. (i) Let a 6 c 6 b < d ∈ R be congruent mod Z. Then
ζ(c, d) × δ([νa, νb]) and δ([νa, νb])× ζ(c, d)
are irreducible and isomorphic. (We say that two or more numbers
are congruent modulo Z if their difference is an integer). Note that
a 6 c 6 b < d implies that the segment [c, d] intersects [a, b] from
”above”.
(ii) If [a, b] and [c, d] are not linked, then
ζ(c, d) × δ([νa, νb]) and δ([νa, νb])× ζ(c, d)
are irreducible and isomorphic.
(iii) When the two segments are disjoint but linked (c = b+1), then δ([νa, νb])×
ζ(b+ 1, d) has exactly two irreducible subquotients:
L(νd, . . . , νb+1, δ([νa, νb])) and L(νd, . . . , νb+2, δ([νa, νb+1])).
Proof. This is Lemma 6.1 and Remarks 6.3 and 6.4 of [5]. 
Case 1: the going-down tower
According to the above Proposition, in this case θ−l(π00) is the Langlands
quotient of
ν
l−1
2 × · · · × ν
1
2 ⋊ θ0(π00).
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This also implies that θ−l(π00) is the unique quotient of
ζ(
1
2
,
l − 1
2
)⋊ θ0(π00).
Combining this with the map (26) we get
δ1ν
s1 × · · · × δkν
sk ×∆× ζ(
1
2
,
l − 1
2
)⋊ θ0(π00)։ π′.
We now use Lemma 5.4: ζ(12 ,
l−1
2 ) can switch places with all the δ
′
i appearing
in ∆. This means that we can write
(27) δ1ν
s1 × · · · × δkν
sk × ζ(
1
2
,
l − 1
2
)×∆⋊ θ0(π00)։ π′.
Finally, we observe that there is an irreducible subquotient τ of ∆⋊ θ0(π00)
such that
(28) δ1ν
s1 × · · · × δkν
sk × ζ(
1
2
,
l − 1
2
)⋊ τ ։ π′.
Note that τ is tempered, because θ0(π00) is, too (moreover, in this case,
θ0(π00) is in discrete series), as are all the irreducible subquotients of ∆. We
now claim the following:
Lemma 5.5. The representation appearing on the left-hand side of (28)
has a unique irreducible quotient.
Proof. We prove that the representation in question is itself a quotient of
a standard module, and the conclusion follows. This standard module is
obtained by inserting ν
l−1
2 , ν
l−3
2 , . . . , ν
1
2 between δ1ν
s1 , . . . , δkν
sk so that the
decreasing order is preserved. To show this, let [ρνa, ρνb] be the segment
which defines δ1ν
s1 (in particular, we have s1 =
a+b
2 ). We assume that ρ
is the trivial representation; for ρ 6= 1 we only need a simpler version of
the following argument. If s1 >
l−1
2 then the representation in question is a
quotient of the standard module
δ1ν
s1 × · · · × δkν
sk × ν
l−1
2 × · · · ν
1
2 ⋊ τ,
and we are done. If s1 <
l−1
2 we use the following observation based on
Lemma 5.4.
Lemma 5.6. Let σ be an irreducible representation of O(V ) and assume
that
A× δ([νa, νb])× ζ(c, d) ⋊ σ0 ։ σ
for a+b2 6 d and some representations A and σ0 . If
(i) c 6= b+ 1
then setting s = min{s′′ ∈ [c, d] : s′′ ≥ a+b2 } we have
A× ζ(s, d)× δ([νa, νb])× ζ(c, s− 1)⋊ σ0 ։ σ.
Here, the segment [c, s − 1] can be empty. Assume, a fortiori, that
(ii) s− 1 
a+ b
2
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(notice that this implies (i)). Then, for any δ([νa
′
, νb
′
])×ζ(s, d) with a
′+b′
2 >
a+b
2 the number s
′ = min{s′′ ∈ [s, d] : s′′ > a
′+b′
2 } also satisfies the above
condition (ii) with respect to [a′, b′].
Proof. We know that ζ(c, d) is a quotient of ζ(s, d)× ζ(c, s− 1), so we have
A× δ([νa, νb])× ζ(s, d)× ζ(c, s− 1)⋊ σ0 ։ σ.
If (i) holds, then Lemma 5.4 shows that δ([νa, νb]) and ζ(s, d) can switch
places. We thus get
A× ζ(s, d)× δ([νa, νb])× ζ(c, s− 1)⋊ σ0 ։ σ,
as required.
For the second part of the claim, assume that s satisfies condition (ii).
Then s′ − 1 > a
′+b′
2 would imply
s′ − 1 >
a′ + b′
2
>
a+ b
2
,
which (since s′ is defined to be minimal) implies s′ = s. However, this forces
s− 1 > a+b2 , contradicting (ii). 
Inductively applying Lemma 5.6—first with δ([νa, νb]) = δ1ν
s1 and [c, d] =
[12 ,
l−1
2 ], then δ([ν
a, νb]) = δ2ν
s2 and [c, d] = [s, l−12 ], etc.—we show that the
representation appearing in (28) is indeed a quotient of a standard repre-
sentation. This proves Lemma 5.5. 
We have now found the standard module of π′: the representations ν
l−1
2 ,
ν
l−3
2 , . . . , ν
1
2 are simply inserted among δ1ν
s1 , . . . , δkν
sk so that the expo-
nents form a decreasing sequence. The only thing that remains to be deter-
mined is the tempered part, τ .
We now know that the left-hand side of (28) has a unique irreducible
quotient. Therefore, we have
(29) δ1ν
s1 × · · · × δkν
sk ⋊ τ ′ ։ π′
where τ ′ is the unique irreducible quotient of ζ(12 ,
l−1
2 ) ⋊ τ (that is, the
Langlands quotient of ν
l−1
2 × · · · × ν
1
2 ⋊ τ). It is now important to note the
following:
Lemma 5.7. The representation τ ′ is a subquotient of Θ−l(σ).
We will use variations of this observation in all the subsequent cases, so
we give a detailed explanation here.
Proof. We revisit the maps we have used so far: (24), (25), (26), (28) and
(29). Let Π denote δ1ν
s1 × · · · × δkν
sk . Starting from
T : ∆⋊Θ−l(π00)։ Θ−l(σ)
we induce to obtain
Ind(T ) : Π×∆⋊Θ−l(π00)։ Π⋊Θ−l(σ).
Composing this with (24) (which is given by S : Π ⋊ Θ−l(σ) ։ π′) we get
(25):
S ◦ Ind(T ) : Π×∆⋊Θ−l(π00)։ π′.
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Lemma 5.2 shows that no subquotient of Θ−l(π00) except θ−l(π00) can par-
ticipate in the above epimorphism; in other words, we have Π ×∆ ⋊ Θ0 ⊆
kerS ◦ Ind(T ) where we have used Θ0 to denote the maximal proper sub-
representation of Θ−l(π00).
Taking the quotient of S ◦ Ind(T ) by Π×∆⋊Θ0 we get a new map, (26):
˜S ◦ Ind(T ) : Π×∆⋊ θ−l(π00)։ π′.
By the construction of this map it is obvious that any subquotient τ ′ of
∆⋊ θ−l(π00) participating in the above epimorphism must be a subquotient
of Θ−l(σ), so we get (29). This subquotient is written as a subquotient of
ζ(12 ,
l−1
2 ) ⋊ τ in (28), and Lemma 5.5 shows that τ
′ is in fact a quotient of
ζ(12 ,
l−1
2 )⋊ τ . 
Finally, it remains to verify the following claim.
Lemma 5.8. The only subquotient of Θ−l(σ) with standard module of the
form ν
l−1
2 × · · · × ν
1
2 ⋊ τ is θ−l(σ).
Proof. Let τ ′ be a subquotient of Θ−l(σ) such that
ν
l−1
2 × · · · × ν
1
2 ⋊ τ ։ τ ′
for some tempered τ . Denote by τ1 the Langlands quotient of ν
l−3
2 × · · · ×
ν
1
2 ⋊ τ , so that ν
l−1
2 ⋊ τ1 ։ τ ′, i.e. τ ′ →֒ ν
1−l
2 ⋊ τ1.
We now use Kudla’s filtration: the map we have just obtained shows
that Hom(τ ′, ν
1−l
2 ⋊ τ1) 6= 0. Using Frobenius reciprocity, this means that
Hom(RQ1(τ
′), ν
1−l
2 ⊗ τ1) 6= 0, where Q1 denotes the appropriate standard
maximal parabolic subgroup of O(V ). From here, we deduce that ν
1−l
2 ⊗ τ1
is a quotient of RQ1(τ
′)
ν
1−l
2
, which implies that it is also a subquotient of
RQ1(Θ−l(σ))ν
1−l
2
. On the other hand, σ ⊗ RQ1(Θ−l(σ))ν
1−l
2
is obviously a
quotient of RQ1(ωm0,2n0)—here 2n0 is defined by σ ∈ Irr(
˜Sp(W2n0)), m0 =
2n0 + 1 + l, and ωm0,2n0 is the corresponding Weil representation. Kudla’s
filtration of RQ1(ωm0,2n0) is
J0 = ν
1−l
2 ⊗ ωm0−2,2n0 (the quotient)
J1 = Ind(Σ1 ⊗ ωm0−2,2n0−2) (the subrepresentation).
It is now easy to show that J1 cannot participate in the epimorphism
RQ1(ωm0,n0) ։ σ ⊗ RP ′1(Θ−l(σ))ν
1−l
2
. Otherwise, an application of the
second Frobenius reciprocity would show that RP 1(σ) (where P 1 denotes
the parabolic subgroup opposite to P1) has a quotient of the form ν
l−1
2 ⊗π1.
As σ is tempered and l−12 > 0, Casselman’s criterion shows that this is
impossible.
This means that σ⊗RQ1(Θ−l(σ))ν
1−l
2
is a quotient of J0, which immedi-
ately implies that τ1 is a subquotient of Θ2−l(σ).
Inductively repeating this argument shows that τ is a subquotient of
Θ0(σ); however, Θ0(σ) is irreducible, so we must have τ = Θ0(σ) = θ0(σ).
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This proves that τ ′ is the Langlands quotient of
ν
l−1
2 × · · · × ν
1
2 ⋊ θ0(σ).
By Proposition 5.3 (i), we conclude that τ ′ = θ−l(σ). 
This proves θ−l(π) = L(δ1ν
s1 , . . . , δkν
sk , ν
l−1
2 , . . . , ν
1
2 ; θ0(σ)), thereby com-
pleting Case 1.
Case 2: going-up tower when l(σ) = 0
From l(σ) = 0 we easily get l(π00) = 0. In other words, π00 first appears on
the going-up tower when l = −2. Furthermore, Proposition 5.3 shows that
θ−2(π00) is tempered, whereas for l > 2 the representation θ−l(π00) is the
Langlands quotient of
ν
l−1
2 × · · · × ν
3
2 ⋊ θ−2(π00),
that is, the unique quotient of
ζ(
3
2
,
l − 1
2
)⋊ θ−2(π00).
Using this in (26) we get
δ1ν
s1 × · · · × δkν
sk ×∆× ζ(
3
2
,
l − 1
2
)⋊ θ−2(π00)։ π′.
We proceed like in Case 1: ζ(32 ,
l−1
2 ) can (using Lemma 5.4) switch places
with all the δ′i appearing in ∆. The only possible exception is St2 (see
Lemma 5.4 (iii)). However, St2 cannot appear as it would imply l(σ) = 2.
We thus have
δ1ν
s1 × · · · × δkν
sk × ζ(
3
2
,
l − 1
2
)×∆⋊ θ−2(π00)։ π′,
so there is an irreducible (and tempered) subquotient τ of ∆⋊θ−2(π00) such
that
δ1ν
s1 × · · · × δkν
sk × ζ(
3
2
,
l − 1
2
)⋊ τ ։ π′.
Repeating the arguments of Lemmas 5.5, 5.7 and 5.8, we can now show that
δ1ν
s1 × · · · × δkν
sk ⋊ θ−l(σ)։ π′
and
θ−l(π) = L(δ1ν
s1 , . . . , δkν
sk , ν
l−1
2 , . . . , ν
3
2 ; θ−2(σ)).
Note that condition (i) of Lemma 5.6 is not trivially satisfied like in Case 1.
In the first step, it is crucial that ν
1
2 does not appear among the δiν
si . This,
however, is a part of our assumptions stated at the beginning of section 5.1.
Case 3: going-up tower when l(σ) = 2, mφ(S2) is odd
The fact that S2 is contained in φ with odd multiplicity implies that it is
also contained in the parameter of π00. We thus have l(π00) = 2 so that
π00 first appears on the going-up tower when l = −4. The lift θ−4(π00) is
tempered, and for l > 4 we have
ν
l−1
2 × · · · × ν
5
2 ⋊ θ−4(π00)։ θ−l(π00).
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Combining this with (26) we get
Π×∆× ζ(
5
2
,
l − 1
2
)⋊ θ−4(π00)։ π′
where Π = δ1ν
s1 × · · · × δkν
sk .
For simplicity we now assume that ∆ does not contain St4. When St4
appears, the proof requires minor technical modifications, which we leave to
the reader (see Case 4 for a discussion which handles a similar exception).
The benefit of leaving out St4 is that ζ(
5
2 ,
l−1
2 ) can switch places with all the
representations appearing in ∆ (see condition (i) of Lemma 5.6), so we get
Π× ζ(
5
2
,
l − 1
2
)×∆⋊ θ−4(π00)։ π′.
Therefore, there is an irreducible (and tempered) subquotient τ of ∆ ⋊
θ−4(π00) such that
Π× ζ(
5
2
,
l − 1
2
)⋊ τ ։ π′.
Repeating the arguments of Lemmas 5.5 and 5.7 we can now show that this
implies
Π⋊ θ−l(σ)։ π′.
Note that a slight modification of these arguments is necessary when a rep-
resentation of the form δ[νa, ν
3
2 ] appears in Π (see Lemma 7.11 and the
discussion preceding it in [5]).
It remains to determine the standard module of π′ = θ−l(π). If Π does
not contain a representation of the form δ[νa, ν
3
2 ], this is straightforward,
using the arguments of Lemma 5.5. However, if Π contains any of these
representations, then we cannot use Lemma 5.6 because condition (i) is not
satisfied. We briefly sketch the steps used to bypass this problem.
The only exceptions of the form δ[νa, ν
3
2 ] are δ([ν−
1
2 , ν
3
2 ]) and ν
3
2 ; note
that δ([ν
1
2 , ν
3
2 ]) cannot appear by Proposition 4.1. We may group all the
occurrences of the exceptional representations from Π into a representation
which we denote S, so that Π = Π′ × S (recall that δ([ν−
1
2 , ν
3
2 ]) can appear
at most once if the standard module of π is irreducible). The fact that the
standard module of π is irreducible allows us to write γ−1ψ Π
′ × γ−1ψ S
∨ ։ π
instead of Π′ × γ−1ψ S ։ π. Repeating the steps from the beginning of this
section, we now arrive at
Π′ × S∨ ×∆⋊Θ−l(π00)։ π′.
We now modify Lemma 5.2 (see Lemma 7.12 in [5]) to show that we may
switch from Θ−l(π00) to θ−l(π00):
Π′ × S∨ ×∆⋊ θ−l(π00)։ σ.
Recall that ζ(52 ,
l−1
2 ) ⋊ θ−4(π00) ։ θ−l(π00). Furthermore, ζ(
5
2 ,
l−1
2 ) can
now switch places with all the representations from S∨ and ∆. Note that
there are no problems in ∆ since we have assumed that St4 does not appear;
likewise, S∨ has no problematic segments, as opposed to S. We may thus
write
Π′ × ζ(
5
2
,
l − 1
2
)× S∨ ×∆⋊ θ−4(π00)։ π′.
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Finally, this shows that there is an irreducible subquotient B of S∨ ×∆ ⋊
θ−4(π00) such that
Π′ × ζ(
5
2
,
l − 1
2
)⋊B ։ π′.
Comparing this map with Π⋊ θ−l(σ)։ π′ (the existence of which we have
already proven) we can prove that the standard module of B is given by
S ⋊ θ−4(σ). This yields
Π′ × ζ(
5
2
,
l − 1
2
)× S × θ−4(σ).
Starting from this map, we may apply the process described in Lemma 5.5
(in particular, there are no more exceptions to Lemma 5.6), and in this way
complete the proof.
A minor detail requires additional attention: if Π′ contains ν
1
2 , then the
procedure of Lemma 5.5 will not result in a decreasing order. Namely,
ν
1
2 will still need to switch places with the representations of S. Note that
δ([ν−
1
2 , ν
3
2 ]) does not cause a problem (see Lemma 5.4 (ii)). It is only ν
3
2 that
we cannot trivially move, since ν
1
2 × ν
3
2 reduces. However, this reducibility
shows that ν
1
2 and ν
3
2 cannot both appear in the standard module if it is
irreducible.
Case 4: going-up tower when l(σ) = 2, mφ(S2) = 2h > 0
Since the multiplicity of S2 in φ is even, we see that S2 does not appear in
the parameter of π00. Thus l(π00) = 0 and π00 first appears on the going-
up tower when l = −2. In this case, θ−2(π00) is tempered (in fact, it is a
discrete series representation) and we have
ν
l−1
2 × · · · × ν
3
2 ⋊ θ−2(π00)։ θ−l(π00).
Taking this into account in (26), we get
Π×∆× ζ(
3
2
,
l − 1
2
)⋊ θ−2(π00)։ π′,
where Π = δ1ν
s1 × · · · × δkν
sk . We have already seen that ζ(32 ,
l−1
2 ) can
switch places with all the representations in ∆, except St2. Therefore, we
write ∆ = (St2, h) ×∆
′ where ∆′ is the product of all the δ′i different from
St2. Lemma 5.4 (iii) now shows that we have two possibilities:
(i) Π× ζ(32 ,
l−1
2 )×∆⋊ θ−2(π00)։ π
′;
(ii) Π×L×(St2, h−1)×∆
′⋊θ−2(π00)։ π′, where L = L(ν
l−1
2 , . . . , ν
5
2 ,St3ν
1
2 ).
Let us show that (i) is not possible. If (i) were true, there would be an
irreducible (and tempered) subquotient τ1 of ∆⋊ θ−2(π00) such that
Π× ζ(
3
2
,
l − 1
2
)⋊ τ1 ։ π′.
We can now argue as in Case 1, in particular, like in Lemmas 5.5 and 5.7: the
above map implies that Θ−l(σ) has a subquotient whose standard module
is of the form
ν
l−1
2 × · · · × ν
3
2 ⋊ τ1.
In analogy with Case 3, these arguments need to be slightly modified if ν
1
2
appears in Π; we omit the details here.
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Finally, we use the arguments of Lemma 5.8 to show that a subquotient of
the above form cannot appear: an inductive procedure shows that it would
imply θ−2(σ) 6= 0, but this contradicts the assumptions of Case 4. We have
thus shown that (i) is not possible.
Similar reasoning now leads to the desired conclusion if (ii) is true. Assum-
ing (ii), we first note that there is an irreducible (and tempered) subquotient
τ2 of (St2, h− 1)×∆
′ ⋊ θ−2(π00) such that
(∗) Π× L⋊ τ2 ։ π′.
Let us show that the left-hand side of the above map has a unique irre-
ducible quotient. This is done like in Lemma 5.5. The only exceptions
which require special treatment are those in which some of the representa-
tions δ1ν
s1 , . . . , δkν
sk are defined by segments ending in ν
3
2 (thus contradic-
tiong condition (i) of Lemma 5.6).
On the other hand, since the tempered support of σ contains St2 =
δ[ν−
1
2 , ν
1
2 ], we see that δ1ν
s1 , . . . , δkν
sk cannot be equal to ν
3
2 . The seg-
ment [ν
3
2 ] is linked to [ν−
1
2 , ν
1
2 ], and would thus cause the standard module
of π to reduce.
The only remaining exception which could prevent us from using Lemma
5.6 is St3ν
1
2 . However, it is easy to show that L and St3ν
1
2 can in fact switch
places. This means that the procedure of Lemma 5.5 can be applied even in
this case. Thus, we may deduce that the left-hand side of (ii) has a unique
irreducible quotient.
In particular, this shows that the subquotient of L⋊ τ2 (call it τ3) which
participates in (∗) is equal to its unique irreducible quotient. Arguing as in
Lemma 5.7 we can also show that τ3 is at the same time a subquotient of
Θ−l(σ). We are thus looking for a subquotient of Θ−l(σ) whose standard
module is of the form
ν
l−1
2 × · · · × ν
5
2 × St3ν
1
2 ⋊ τ2.
The arguments of Lemma 5.8 now show that L(St3ν
1
2 ⋊ τ2) should be a
subquotient of Θ−4(σ). It is easy to show that the only such subquotient of
Θ−4(σ) is in fact θ−4(σ).
We have thus shown the following:
ν
l−1
2 × · · · × ν
5
2 ⋊ θ−4(σ)։ τ3.
By Proposition 5.3, this means that τ3 is equal to θ−l(σ). This completes
the fourth and final case of our proof.
6. Theta lifts of generic representations II
We now turn to the rest of generic representations: we examine the lifts of
a ψ-generic π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δkν
sk ;σ) such that l(σ) = 0
and such that there exists, among δ1ν
s1 , . . . , δkν
sk , a representation of the
form δ([ν1/2, νm+1/2]) for some m ∈ Z≥0. In accordance with Proposition
4.1, the case in which ν1/2 appears among δ1ν
s1 , . . . , δkν
sk is treated sepa-
rately.
Remark. When l(σ) = 0 and ν1/2 appears among δ1ν
s1 , . . . , δkν
sk we can
indeed have l(σ) = 0 and l(π) > 0 : for example, l(µ0) = 0 and l(ω
+
ψ ) =
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L(γ−1ψ ν
1/2;µ0) = 2. Here µ0 denotes the unique non-trivial representation of
˜Sp(0, F ) = {1,−1} and ω+ψ denotes the even Weil representation of
˜SL(2, F )
attached to a character ψ. Actually, we always have this kind of situation.
Proposition 6.1. Let π = L(γ−1ψ δ1ν
s1 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ ν
1/2;σ) be a
ψ–generic representation π of ˜Sp(2n, F ) with l(σ) = 0. Then, l(π) = 2.
Proof. From the proof of the Proposition 4.1 we know that l(π) ≥ l(σ). We
now prove that l(π) ≤ 2. Indeed, assume that l(π) ≥ 4. Then, on the split-
tower (which is, we remind, the going-down tower for σ), by a consecutive
use of Lemma 3.8, we have
δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × ν1/2 ⋊Θ4(σ)։ Θ4(π).
Indeed, there are no exceptions—the possible exceptions would be ν3/2, ν1St2
and ν1/2St3, but similarly as in the proof of Proposition 4.1, we can avoid
ν3/2 and ν1/2St3. On the other hand, ν
1St2 cannot appear among δ1ν
s1 , . . . ,
δk−1ν
sk−1 since we have δkν
sk = ν1/2 (cf. Theorem 3.7). Now Θ4(σ) = 0, so
necessarily Θ4(π) = 0. This proves l(π) ≤ 2. We now prove that l(π) 6= 0.
Assume the contrary, i.e., l(π) = 0. Then, the first non-zero lift on the non-
split tower for π is for l = −2. Again, by a consecutive use of Lemma 3.8,
on the non-split tower, we have
(30) δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × ν1/2 ⋊Θ−2(σ)։ Θ−2(π).
We need the following
Lemma 6.2. We keep the assumptions of this Proposition. Then, the rep-
resentation ν1/2 ⋊Θ−2(σ) is irreducible. Here Θ−2(σ) is the full lift on the
non-split tower.
Proof. (of Lemma) Note that Θ−2(σ) is irreducible and tempered (see the
remark following Proposition 6.3). By the description of the L-parameter
φΘ−2(σ) of Θ−2(σ) = θ−2(σ) (given in Theorem 4.5 (1) of [4]; note that
χV = 1), we have that φΘ−2(σ) = φσ ⊕ S2. Also, by the same Theorem and
Desideratum 3.1 (6) of [4], we have that the character of the component
group of the centralizer of φΘ−2(σ), which, by Langlands correspondence,
corresponds to Θ−2(σ), attains value −1 on S2. Now assume that ν
1/2 ⋊
Θ−2(σ) reduces. By the same arguments as in Lemma 4.3, there exists an
irreducible tempered representation T such that T →֒ ν1/2 ⋊Θ−2(σ). Since
S2 appears with multiplicity two in the L-parameter of T, there exists an
irreducible tempered representation σ3 such that T →֒ δ([ν
−1/2, ν1/2)] ⋊
σ3. This means that δ([ν
−1/2, ν1/2)] ⊗ σ3 appears as a subquotient of the
appropriate Jacquet module of T, and, accordingly, in the Jacquet module
of ν1/2⋊Θ−2(σ). Using Tadic´’s formula for Jacquet modules of the induced
representations, we get that ν1/2⊗σ4 (for some irreducible σ4) appears in the
Jacquet module of Θ−2(σ), so that Θ−2(σ) →֒ ν
1/2⋊σ5, for some irreducible
representation σ5. We easily get that σ5 is necessarily tempered. Let σ00
and σ0 be the discrete series representations (of the appropriate full odd
orthogonal groups) which are the classical parts of the tempered support
of Θ−2(σ) and σ5, respectively. We easily get that σ00 →֒ ν
1/2 ⋊ σ0. This
means that the character (of the appropriate component group attached to
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the L-parameter of σ00) corresponding to σ00 attains value 1 on S2 (cf. [22],
section 5.1., equation (2)). Since this character of σ00 is just the restriction
of the character corresponding to Θ−2(σ), we get a contradiction. 
Note that, since Θ−2(σ) is irreducible and tempered, θ−2(π) is precisely
the Langlands quotient of the left-hand side of (30). The irreducibility of
ν1/2 ⋊Θ−2(σ) now gives that we also have the following epimorphism
δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × ν−1/2 ⋊Θ−2(σ)։ θ−2(π).
Now we go back to the metaplectic tower for l = 2, and again, by applying
Lemma 3.8 without exceptional cases, together with Proposition 5.4. of [4],
we get
(31) γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δk−1ν
sk−1 × γ−1ψ ν
−1/2 ⋊ σ ։ π.
By Theorem 3.7, the representation on the left-hand side of (31) is isomor-
phic to
γ−1ψ δ˜1ν
−s1 × γ−1ψ δ˜2ν
−s2 × · · · × γ−1ψ δ˜k−1ν
−sk−1 × γ−1ψ ν
−1/2 ⋊ σ.
This means that the standard representation for π is irreducible. This is not
true, since by Proposition 4.2, γ−1ψ ν
−1/2⋊σ reduces. Thus, θ−2(π) = 0, so π
appears at the earliest for l = −4 on the non-split tower, i.e., l(π) ≥ 2. 
6.1. The first lifts of a ψ–generic representation
L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ St2skν
sk ;σ) with l(σ) = 0.
Proposition 6.3. Let π = L(γ−1ψ δ1ν
s1 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ ν
1/2;σ) be a
ψ–generic representation with l(σ) = 0. Then, on the split tower we have
θ2(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 ; Θ0(σ))
and
θ0(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , ν1/2; Θ0(σ)).
On the non-split tower we get
θ−4(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , δ([ν1/2, ν3/2]); Θ−2(σ)).
Again, we assume that we have permuted {δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1} among
δ([ν1/2, ν3/2]) if necessary, so that they appear in the descending order.
Remark. (i) We know that Θ−2(σ) (the first lift on the non-split tower) is
irreducible and tempered. This follows easily from Proposition 5.5 (2)
of [4] (cf. the comments at the end of Case 1, Section 5.1).
(ii) Any irreducible subquotient of Θ−4(σ) is either tempered, or equal
to θ−4(σ) = L(ν
3/2,Θ−2(σ)). This is Theorem 6.1 (iii) of [28]. The
arguments are easily adjusted to the setting of ˜Sp(2n, F ).
Proof. (of Proposition) The description of the first (l = 2 and l = 0) lifts
on the going-down (which is, in this case, the split tower) follows directly
from the discussion in the proof of Proposition 6.1. As before, we get that
on the non-split tower we have the following epimorphism (no exceptional
situations):
(32) δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × ν1/2 ⋊Θ−4(σ)։ θ−4(π).
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We want to see which irreducible subquotient of Θ−4(σ) participates in this
epimorphism. By (ii) of the above Remark, we know that it is either some
irreducible tempered representation, or it is θ−4(σ) = L(ν
3/2,Θ−2(σ)). We
now prove that the latter indeed occurs. Assume the opposite, i.e., that a
certain irreducible tempered representation τ ≤ Θ−4(σ) participates. Then,
we lift back to the metaplectic tower to get
γ−1ψ δ1ν
s1 × γ−1ψ δ2ν
s2 × · · · × γ−1ψ δk−1ν
sk−1 × γ−1ψ ν
1/2 ⋊Θ4(τ)։ π,
if, among δi’s there are no following representations: ν
3/2, St2ν
1, St3ν
1/2.
This cannot happen, similarly to the proof of Proposition 6.1. The unique-
ness of Langlands classification now forces σ ≤ Θ4(τ). Specifically, Θ4(τ) 6=
0, which means, by Theorem 4.1. of [4], that the L-parameter of τ con-
tains S2 ⊕ S4. Since all the subquotients of Θ4(τ) are tempered, by Lemma
6.4. of [4], we get that θ4(τ) and σ have the same L–parameter. But,
since L-parameter of θ4(τ) is φτ − S4, (cf.[4], Theorem 4.3) we get that the
L-parameter of σ contains S2, a contradiction.
We conclude that L(ν3/2,Θ−2(σ)) appears in (32) as a subquotient of
Θ−4(σ). Thus we either have
(33) δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × δ([ν1/2, ν3/2])⋊Θ−2(σ)։ θ−4(π)
or
δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × ν3/2 × ν1/2 ⋊Θ−2(σ)։ θ−4(π).
We now prove that the latter cannot happen. Note that ν1/2 ⋊ Θ−2(σ)
is irreducible by Lemma 6.2, so we can exchange the exponent 12 to −
1
2 .
Repeatedly using Lemma 3.8 for l = 4 we lift back the latter expression to
the metaplectic tower (repeated application of 3.8 is justified by the fact
that the above representation has a unique irreducible quotient) we get, by
Corollary 3.7 of [5], either
(34)
γ−1ψ δ1ν
s1×γ−1ψ δ2ν
s2×· · ·×γ−1ψ δk−1ν
sk−1×γ−1ψ ν
− 1
2×γ−1ψ ν
3
2⋊Θ4(Θ−2(σ))։ π,
or
(35) γ−1ψ δ1ν
s1×γ−1ψ δ2ν
s2×· · ·×γ−1ψ δk−1ν
sk−1×γ−1ψ ν
−1/2⋊Θ2(Θ−2(σ))։ π.
Note that each irreducible subquotient of Θ4(Θ−2(σ)) is tempered (see the
above Remark and [4, Proposition 5.5]), so that (34) gives
(36) γ−1ψ δ1ν
s1×γ−1ψ δ2ν
s2×· · ·×γ−1ψ δk−1ν
sk−1×γ−1ψ ν
3
2 ×γ−1ψ ν
− 1
2 ⋊τ ′′ ։ π,
for some irreducible tempered representation τ ′′ ≤ Θ4(Θ−2(σ)). But, besides
the Langlands subrepresentation, according to Lemma 4.3 1, any other sub-
quotient of γ−1ψ ν
− 1
2 ⋊ τ ′′ is tempered (note that the proof of that part of
Lemma 4.3 1) does not depend on the properties of tempered σ). In both
of these cases we get a contradiction with the Langlands parametrization
of π. So, (35) has to occur. Note that Θ2(Θ−2(σ)) = σ by [4, Proposition
5.4]). But then (35) becomes exactly (31), which we saw in the proof of
Proposition 6.1 could not happen. Thus, we have (33). Note that the left-
hand side there is isomorphic to a standard representation. Indeed, it may
happen that for some si, i = 1, 2, . . . , k − 1 we have si < 1. But it means
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that either δiν
si and δ([ν1/2, ν3/2]) are not linked, so we can change their
position, or (the only possibility of linking with s1 > 0) δiν
si = ν1/2. This
cannot happen, because this would mean that ν1/2 appears with multiplicity
greater than one in the Langlands parameter of π. 
The case in which π = L(γ−1ψ δ1ν
s1 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ St2skν
sk ;σ) with
sk half integer greater or equal to 1 is much easier because of Proposition 4.1
which guarantees that in that case l(π) = l(σ) = 0. Then, the split tower
is the going-down tower, the non-split tower is the going up tower. The
description of the first lift on the going-down tower can be read off from
the results of [8], and on the non-split tower we just follow the discussion
in Proposition 6.1 when we know that Θ−2(π) is non-zero on the non-split
tower.
Corollary 6.4. Let π = L(γ−1ψ δ1ν
s1 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ St2skν
sk ;σ) be a
ψ–generic representation with sk ≥ 1 and l(σ) = 0. Then, on the split tower
the first non-zero lift is given by
θ0(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , St2skν
sk ; Θ0(σ)).
On the non-split tower we get
θ−2(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , St2skν
sk ; Θ−2(σ)).
Here Θ−2(σ) is irreducible and tempered first lift on the non-split tower.
Remark. Note that, for ψ–generic
π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ St2skν
sk ;σ),
when both θl(σ) and θl(π) are defined in Proposition 6.3 and Corollary 6.4,
we have
δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × St2skν
sk ⋊ θl(σ)։ θl(π).
6.2. The higher lifts of a ψ–generic representation
L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ St2skν
sk ;σ) with l(σ) = 0. We
can directly check that Lemma 5.2 also works in this setting. Thus, let
δ′1, . . . , δ
′
l and π00 be the tempered support of σ, so that we have
γ−1ψ δ
′
1 × γ
−1
ψ δ
′
2 × · · · γ
−1
ψ δ
′
l ⋊ π00 ։ σ;
we denote ∆ = δ′1 × δ
′
2 × · · · × δ
′
l. Lemma 5.2 then gives, for l ≥ 0 such that
θ−l(π) 6= 0, for both towers,
(37) δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × St2skν
sk ×∆⋊ θ−l(π00)։ θ−l(π).
We will also use (i) and (iii) of Proposition 5.3
We start with the description of the higher lifts on the going-down tower.
Proposition 6.5. Let σ be a ψ–generic tempered representation with l(σ) =
0. Then, for π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ St2skν
sk ;σ)
with sk ≥
1
2 for the lifts l > 0 on the going-down tower we have
θ−l(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , St2skν
sk , ν
l−1
2 , ν
l−3
2 , . . . , ν
1
2 ; θ0(σ)).
Here again we assume that ν
l−1
2 , ν
l−3
2 , . . . , ν
1
2 are distributed in descending
order among δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , St2skν
sk .
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Proof. We can apply Lemmas 5.5, 5.7 and 5.8. Note that we can avoid using
the irreducibility of the standard module for π (which can be reducible in
our case) in these lemmas. 
We now address the lifts on the going-up tower. From equation (37) and
Proposition 5.3, we get that there is an epimorphism
δ1ν
s1×δ2ν
s2×· · ·×δk−1ν
sk−1×St2skν
sk×∆×ζ(
3
2
,
l − 1
2
)⋊θ−2(π00)։ θ−l(π).
Since there is no summand of the form S2 in the L-parameter of σ, and
consequently, no δ′i is equal to δ([ν
−1/2, ν1/2]), we can jump by isomorphisms
with ζ(32 ,
l−1
2 ) over whole ∆ (cf. Lemma 5.4). We conclude that there exists
an irreducible tempered subquotient τ of the representation ∆ ⋊ θ−2(π00)
such that
(38) δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 × St2skν
sk × ζ(
3
2
,
l − 1
2
)⋊ τ ։ θ−l(π).
As before, using Lemma 5.7 and the arguments of Section 5.2, Case 3 (in-
cluding Lemmas 7.11 and 7.12 of [5]), we get that necessarily τ = θ−2(σ).
We now want to explicitly describe the standard module of θ−l(π), i.e., how
ν3/2, . . . , ν
l−1
2 distribute among δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , St2skν
sk .
To this end, we invoke Lemma 5.6 again. In this case we have ζ(c, d) =
ζ(32 ,
l−1
2 ) so the only problematic situation arises if δ([ν
a, νb]) = δ([νa, ν1/2]),
i.e., if St2skν
sk appears with sk =
1
2 . So we now concentrate on that case
(recall that ν1/2 can only appear once in the Langlands parameter of π).
We deduce that we either have δ([ν1/2, ν3/2]) appearing in the Langlands
parameter of θ−l(π), as in the Langlands parameter of θ−4(π) (cf. Proposi-
tion 6.3) and we rearrange ν5/2, . . . , ν
l−1
2 among δ1ν
s1×δ2ν
s2×· · ·×δk−1ν
sk−1
since there are no more problematic situations, as we explained by Lemma
5.6, or we have ν1/2 appearing in the L-parameter and and we rearange
ν3/2, . . . , ν
l−1
2 among δ1ν
s1 × δ2ν
s2 × · · · × δk−1ν
sk−1 . We now show that the
second possibility cannot occur.
We mimic the proof of Proposition 6.3, so we need to get back to the meta-
plectic tower. To be able to do that and not to land in the exceptional situ-
ation of Lemma 3.8, for each δiν
si , i = 1, 2, . . . , k−1 of the form Sttν
l−t
2 , we
interchange it with δiν
−si since δiν
si⋊σ is irreducible. We write the product
of all such δiν
si ’s by T1, and product of the rest of δiν
si, i = 1, 2, . . . , k − 1
outside of T1 by T2. Then, from (38), we get
T˜1 × T2 × ν
1/2 × ζ(
3
2
,
l − 1
2
)⋊ θ−2(σ)։ θ−l(π).
Indeed, note that Sttν
− l−t
2 6= Sttν
−l−t
2 , so this goes through without excep-
tions. If we assume that the second possibility from the above occurs, we
would have, analogously as in the proof of Proposition 6.3,
(∗) T˜1 × T2 × ζ(
3
2
,
l − 1
2
)× ν−1/2 ⋊ θ−2(σ)։ θ−l(π).
Now we go back to the metaplectic tower by calculating Θl and we get either
γ−1ψ T˜1 × γ
−1
ψ T2 × γ
−1
ψ ν
−1/2 × γ−1ψ ζ(
3
2
,
l − 1
2
)⋊ τ ։ π,
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or
γ−1ψ T˜1 × γ
−1
ψ T2 × γ
−1
ψ ν
−1/2 ⋊ σ ։ π,
for some tempered representation τ. Here τ ≤ Θl(θ−2(σ)). This follows easily
from the calculations of the isotypic components of the twists of the triv-
ial representation in the Kudla’s filtration, similarly to the calculations on
the isotypic components of the essentially square-integrable representations.
Note that the left-hand side of (∗) is easily shown to have a unique irreducible
quotient, which justifies the repeated application of Lemma 3.8. Since π is
ψ-generic, from the multiplicity one for the generic representations, it fol-
lows that the irreducible ψ–generic subquotient of γ−1ψ ζ(
3
2 ,
l−1
2 ) ⋊ τ which
participates in the epimorphism onto π in the former case is necessarily just
σ. Now, in both cases we get
γ−1ψ T˜1 × γ
−1
ψ T2 × γ
−1
ψ ν
−1/2 ⋊ σ ։ π.
Now, from Theorem 3.7, using intertwining operators in a usual way, we get
that we can transform the left-hand side above in
γ−1ψ T1 × γ
−1
ψ T2 × γ
−1
ψ ν
−1/2 ⋊ σ ։ π.
But this leads to a contradiction in the same way as in the proof of Propo-
sition 6.3. We have proved the following
Proposition 6.6. Let σ be a ψ–generic tempered representation with l(σ) =
0. Then, for a ψ-generic representation π = L(γ−1ψ δ1ν
s1 , . . . , γ−1ψ δk−1ν
sk−1 ,
γ−1ψ St2skν
sk ;σ) with sk ≥
1
2 for the lifts on the going-up tower we have
(i) If sk ≥ 1 for l ≥ 4 then
θ−l(π) = L(δ1ν
s1 . . . , δk−1ν
sk−1 , St2skν
sk , ν
l−1
2 , ν
l−3
2 , . . . , ν
3
2 ; Θ−2(σ)).
Here again we assume that ν
l−1
2 , ν
l−3
2 , . . . , ν
3
2 are distributed in the
descending order among δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , St2skν
sk .
(ii) If sk = 1/2 for l ≥ 6 then
θ−l(π) = L(δ1ν
s1 , . . . , δk−1ν
sk−1 , ν
l−1
2 , ν
l−3
2 , . . . , ν
5
2 , δ([ν1/2, ν3/2]); Θ−2(σ)).
Now we just comment the case of the lifts on the pair of the orthog-
onal towers with χV 6= 1. Then, to be in accordance with the notation
in [4], especially suited for the application of Corollary 5.3. there, we
write π = L(γ−1ψ δ1ν
s1 , γ−1ψ δ2ν
s2 , . . . , γ−1ψ δk−1ν
sk−1 , γ−1ψ St2skν
sk ;σ) above as
π = L(γ−1ψ χV δ
′
1ν
s1 , γ−1ψ χV δ
′
2ν
s2 , . . . , γ−1ψ χV δ
′
k−1ν
sk−1 , γ−1ψ (χV )
2St2skν
sk ;σ)
with sk ≥
1
2 . Note that in this situation we always have that l(σ), which
we now denote by lχV (σ) to emphasize the towers where we lift, is equal to
zero (Theorem 4.1. of [4]). Now, we can repeat the arguments of Propo-
sition 3.1 verbatim. Note that the exception in the case lχV (σ) occurs if
χV ν
1/2 appears in the L-parameter of π, (i.e. some δ′iν
si = ν1/2). But, since
χV ν
1/2 ⋊ σ is irreducible by Theorem 3.7, we can exchange χV ν1/2 ⋊ σ by
χV ν
−1/2⋊σ and avoid that exception. Thus, lχV (π) = 0. We know that the
first full-lifts of σ on both χV –towers are irreducible and tempered, so we
have the analog of Corollary 6.4:
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Proposition 6.7. Let χV be a non-trivial quadratic character of F
∗. Let
π = L(γ−1ψ χV δ
′
1ν
s1 , γ−1ψ χV δ
′
2ν
s2 , . . . , γ−1ψ χV δ
′
k−1ν
sk−1 , γ−1ψ St2skν
sk ;σ)
be a ψ–generic representation. Then, on the split χV –tower the first non-
zero lift is given by
θ0(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , χV St2skν
sk ; Θ0(σ)).
On the non-split tower we get
θ−2(π) = L(δ1ν
s1 , δ2ν
s2 , . . . , δk−1ν
sk−1 , χV St2skν
sk ; Θ−2(σ)).
Here Θ−2(σ) is irreducible and tempered first lift on the non-split χV –tower.
As for the higher lifts, we can repeat the argument in the case when π is
irreducible standard representation almost verbatim. Indeed, for the higher
lifts on the level −l one is interested how ζ(12 ,
l−1
2 ) on the split tower and
ζ(32 ,
l−1
2 ) on the non–split tower are arranged among δ
′
1ν
s1 , . . . , δ′k−1ν
sk−1 ,
χV St2skν
sk . Here the possible obstacles are, as we saw above, if some of δ′iν
si
are of the certain form and necessarily coming from the trivial character of
F ∗ in the cuspidal support. This means that χV St2skν
sk cannot complicate
things more; moreover, when observing interactions of ζ(12 ,
l−1
2 ) with δ
′
iν
si
which can cause complications, we can use the same trick used in the irre-
ducible standard representation case. Namely, in that case γ−1ψ χV δ
′
iν
si ⋊ σ
is irreducible, so we can change the exponent into −si if it suits us. To
conclude, we have
Proposition 6.8. Let χV be a non-trivial quadratic character of F
∗. Let
π = L(γ−1ψ χV δ
′
1ν
s1 , γ−1ψ χV δ
′
2ν
s2 , . . . , γ−1ψ χV δ
′
k−1ν
sk−1 , γ−1ψ St2skν
sk ;σ)
be a ψ–generic representation.
(1) On the split χV –tower and l > 0 the lifts are given by
θ−l(π) = L(δ
′
1ν
s1 , . . . , δ′k−1ν
sk−1 , χV St2skν
sk , ν
l−1
2 , ν
l−3
2 , . . . , ν
1
2 ; θ0(σ)).
(2) On the non-split χV –tower and l ≥ 4 the lifts are given by
θ−l(π) = L(δ
′
1ν
s1 , . . . , δ′k−1ν
sk−1 , χV St2skν
sk , ν
l−1
2 , ν
l−3
2 , . . . , ν
3
2 ; θ−2(σ)).
Appendix A: Proof of Theorem 3.10.
Before we begin the proof we remind the reader of our notation: if π is
an irreducible representation, we let φπ denote its L-parameter.
Proof. We first prove reducibility. Recall that a0 = min{a : a is even and Sa →֒
φσ}. If 4si < a0, then φΘ0(σ) (which is the same as φσ) does not contain
S4si . Therefore, δ([ν
−(2si−
1
2
), ν2si−
1
2 ])⋊Θ0(σ) reduces. We now imitate the
proof of Proposition 4.2.
We thus assume that σ is square-integrable, so that the long intertwining
operator
A(w0, s) : γ
−1
ψ δ([ν
−(2si−
1
2
),ν2si−
1
2 ])νs ⋊Θ0(σ)
→ γ−1ψ δ([ν
−(2si−
1
2
), ν2si−
1
2 ])ν−s ⋊Θ0(σ)
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is holomorphic at s = 0. As before, A(w0, s) is the restriction of an inter-
twining operator B(w0, s) which is composed of the following intertwining
operators:
γ−1ψ δ([ν
1
2 ,ν(2si−
1
2
)])νs × γ−1ψ δ([ν
−(2si−
1
2
), ν−
1
2 ])νs ⋊Θ0(σ)
T1(s)
−−−→ γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])νs × γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])ν−s ⋊Θ0(σ)
T2(s)
−−−→ γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])ν−s × γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])νs ⋊Θ0(σ)
T3(s)
−−−→ γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])ν−s × γ−1ψ δ([ν
−(2si−
1
2
), ν−
1
2 ])ν−s ⋊Θ0(σ).
Now assume γ−1ψ δ([ν
1
2 , ν2si−
1
2 ]) ⋊ Θ0(σ) is irreducible. This implies that
(after multiplying by a certain positive power of s, if necessary) the operators
T1(s), T2(s) and T3(s) are all holomorphic isomorphisms. We thus have a k >
0 such that lims→0 s
kB(w0, s) is a holomorphic isomorphism. Furthermore,
we know that k is strictly positive since T2(s) has a pole at s = 0. This
implies that A(w0, s) has a pole for s = 0, which contradicts the fact that
A(w0, s) is holomorphic at s = 0. Therefore, γ
−1
ψ δ([ν
1
2 , ν2si−
1
2 ]) ⋊ Θ0(σ)
must be reducible.
If σ is tempered, but not in discrete series, we complete the proof just
like in Prop. 4.2.
We now turn to the proof of irreducibility when 4si = a0. First we need the
following
Claim. Apart from the Langlands quotient, all the irreducible subquotients
of γ−1ψ St2siν
si ⋊ σ are tempered.
Proof. If σ is in discrete series, this is Corollary 2.1 of [26], which transfers
easily to the metaplectic case. When σ is tempered, we can embed it in its
tempered support:
σ →֒ γ−1ψ δ
′
1 × · · · × γ
−1
ψ δ
′
k ⋊ σ0.
We then have
γ−1ψ δ × γ
−1
ψ (δ1 × · · · × δk)⋊ σ0
T1−→ γ−1ψ (δ1 × · · · × δk)× γ
−1
ψ δ ⋊ σ0
T2−→ γ−1ψ (δ1 × · · · × δk)× γ
−1
ψ δ
∨ ⋊ σ0
T3−→ γ−1ψ δ
∨ × γ−1ψ (δ1 × · · · × δk)⋊ σ0.
Restricting T3 ◦ T2 ◦ T1 to the subrepresentation γ
−1
ψ δ ⋊ σ we get
T : γ−1ψ δ ⋊ σ → γ
−1
ψ δ
∨ ⋊ σ.
The image of T is exactly the Langlands quotient of γ−1ψ δ ⋊ σ. We want
to show that the kernel consists only of tempered subquotients. We first
note that T1 and T3 are isomorphisms: since 4si is minimal among a such
that Sa →֒ φ, none of the segments which define δ1, . . . , δk are linked to the
segment which defines δ (or δ∨). On the other hand, T2 need not be an
isomorphism, but it is induced from T ′2 : γ
−1
ψ δ ⋊ σ0 → γ
−1
ψ δ
∨ ⋊ σ0. By the
part of this claim which concerns discrete series representations, ker T ′2 only
GENERIC REPRESENTATIONS OF METAPLECTIC GROUPS 45
has tempered subquotients. From here we easily deduce the same for T2.
Thus, any subquotient of ker T is in fact contained in ker T2 and is therefore
tempered. This proves the claim. 
We are now ready to prove irreducibility. The l = 0 lift of σ to the split tower
is Θ0(σ). This is a generic representation of the orthogonal group, so we can
use the results of [12]. By Propositions 4.7 and 5.1 of [12], we know that
there is a irreducible tempered generic representation σ1 such that Θ0(σ) →֒
δ([ν
1
2 , ν2si−
1
2 ]) ⋊ σ1. Therefore, we have δ([ν−(2si−
1
2
), ν−
1
2 ]) ⋊ σ1 ։ Θ0(σ).
We may now use a slight generalization of Lemma 3.8 (cf. Corollary 3.7 of
[5]) to obtain either
γ−1ψ δ([ν
−(2si−
1
2
), ν−
3
2 ])⋊Θ−2(σ1)։ σ
or
γ−1ψ δ([ν
−(2si−
1
2
), ν−
1
2 ])⋊Θ0(σ1)։ σ.
We show that the latter cannot be true. To this end, we use Theorem
4.1 (2) of [4]. It shows that we have mdown(σ1|SO) = m
α(σ1|SO), with α =
η(zφσ1 )·ǫ(φσ1) = ǫ(φσ1) (recall that η is trivial since σ1 is generic). Similarly,
mdown(Θ0(σ)|SO) = m
α′(Θ0(σ)|SO), with α
′ = ǫ(φΘ0(σ)|SO). Now it is easy
to see that σ1 and Θ0(σ) have the same central character. On the other
hand, one shows that ǫ(φσ1) = −ǫ(φΘ0(σ)|SO). Since Θ0(σ) obviously has a
non-zero lift on level l = 0 (it is equal to σ), this implies that Θ0(σ1) = 0
(and Θ0(σ1 ⊗ det) 6= 0).
We have thus shown that
γ−1ψ δ([ν
−(2si−
1
2
), ν−
3
2 ])⋊Θ−2(σ1)։ σ.
Moreover, we now know that Θ−2(σ1) is the first non-zero lift of σ1, so it
is tempered by Theorem 4.5 (1) of [4]. It is also generic, as shown by the
above map (and the hereditary property).
Now assume γ−1ψ δ([ν
1
2 , ν2si−
1
2 ]) ⋊ σ reduces. We have shown that any
irreducible subquotient of γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])⋊σ which is not the Langlands
quotient is necessarily tempered. Thus let T be an irreducible tempered
representation such that
T →֒ γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])⋊ σ,
By the above discussion, this implies
T →֒ γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])× γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])⋊Θ−2(σ1)
⇒ T →֒ γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])× γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])⋊Θ−2(σ1)
⇒ T →֒ γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])× γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])× γ−1ψ ν
1
2 ⋊Θ−2(σ1).
Now γ−1ψ ν
1
2 ⋊Θ−2(σ1) = γ−1ψ ν
− 1
2 ⋊Θ−2(σ1) by Proposition 4.2, so that
T →֒ γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])× γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])× γ−1ψ ν
− 1
2 ⋊Θ−2(σ1)
i.e. T →֒ γ−1ψ ν
− 1
2 × γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])× γ−1ψ δ([ν
3
2 , ν2si−
1
2 ])⋊Θ−2(σ1).
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However, this contradicts Casselman’s criterion. We have thus shown that it
is impossible for γ−1ψ δ([ν
1
2 , ν2si−
1
2 ])⋊σ to reduce. This completes our proof.

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